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Navigation equations system and Least Squares 
solution
Exercise 1:

The measurement file UPC11490.05O has been collected by a
receiver with fixed coordinates. Using navigation file UPC11490.05N, 
compute the SPP solution in static mode and check by hand the 
computation of the Least Square solution at time t = 300 seconds.

Complete the next steps:
1.- Use gLAB to compute the prefit-residuals, elevation and  azimuth of 

all satellites at time t=300 sec.

2.- Build up the navigation equations system to compute the solution in 
(ENU) coordinates. Solve the system with MATLAB (octave).

1 1 1 1 1 1

2 2 2 2 2 2

cos sin cos cos sin 1
cos sin cos cos sin 1

      
........ ..........

cos sin cos cos sin 1

rec

rec

rec

n n n n n n
rec

ePrefit el az el az el
nPrefit el az el az el
u

c dtPrefit el az el az el

    ∆− − − 
    ∆− − −   =    ∆
   
  − − −     
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1.- Process the data files in de default SPP mode:

RINEX observation file: UPC11490.05O

RINEX Navigation file: UPC11490.05N
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In the Output section, unselect all messages except “print PREFIT”
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2.- Pre-fit residual vector (y) and Geometry matrix (G) generation

2. 1.  From gLAB.out file, print the pre-fit residual, the elevation and azimuth of 
all satellites at epoch t=300 sec:  

Next  “awk”  sentence performs this selection:

awk '{if ($1=="PREFIT" && $4==300) print $6,$8,$15,$16}' gLAB.out > dat

dat (t=300)
PRN Pre-fit Elev (Deg) Azim (deg)
25 -7,3516 32,97 -49,15
9 -5,3107 15,05 141,52
6 -7,4675 71,83 -144,91
1 -6,8946 30,40 -68,99
2 -6,5154 27,58 62,57
5 -5,2957 38,89 81,01

30 -10,313 72,25 25,35
14 -5,6687 32,79 -117,19
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2.- Pre-fit residual vector (y) and Geometry matrix (G) generation
2. 1.  From gLAB.out file, print the pre-fit residual, the elevation and azimuth of 
all satellites at epoch t=300 sec:  

Next  “awk”  sentence performs this selection:

awk '{if ($1=="PREFIT" && $4==300) print $6,$8,$15,$16}' gLAB.out > dat

For the selected rows prints columns: 6, 8, 15 and 16

Selected values  are 
sent to file “dat”
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2.- Pre-fit residual vector (y) and Geometry matrix (G) generation

2.2.  Using the previous “dat” file, build-up the navigation equations system:

1 1 1 1 1 1

2 2 2 2 2 2

cos sin cos cos sin 1
cos sin cos cos sin 1

      
........ ..........

cos sin cos cos sin 1

rec

rec

rec

n n n n n n
rec

ePrefit el az el az el
nPrefit el az el az el
u

c dtPrefit el az el az el

    ∆− − − 
    ∆− − −   =    ∆
   
  − − −     




 
 
 



dat
PRN Pre-fit Elev (Deg) Azim (deg)
25 -7,3516 32,97 -49,15
9 -5,3107 15,05 141,52
6 -7,4675 71,83 -144,91
1 -6,8946 30,40 -68,99
2 -6,5154 27,58 62,57
5 -5,2957 38,89 81,01

30 -10,313 72,25 25,35
14 -5,6687 32,79 -117,19

cat dat| gawk 'BEGIN{g2r=atan2(1,1)/45}{e=$3*g2r;a=$4*g2r;
print $2,-cos(e)*sin(a),-cos(e)*cos(a),-sin(e),1}' > M.dat

Execute next sentence in a single line 

y G
Pre-fit -cos(e)*sin(a) -cos(e)*cos(a) -sin(e) 1

-7,3516 0,634592 -0,548732 -0,544229 1
-5,3107 -0,600904 0,755981 -0,259628 1
-7,4675 0,179246 0,255174 -0,950135 1
-6,8946 0,805180 -0,309192 -0,506049 1
-6,5154 -0,786722 -0,408303 -0,462987 1
-5,2957 -0,768776 -0,121652 -0,627841 1

-10,3137 -0,130507 -0,275518 -0,952396 1
-5,6687 0,747731 0,384117 -0,541620 1

Next, we will use MATLAB (octave) to 
solve this equations system by Least 
Squares
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2.3.  Computing the LS solution with octave (or MATLAB)

octave

load M.dat

y=M(:,1)

G=M(:,2:5)

x=inv(G'*G)*G'*y

exit

∆East ∆North ∆Up dT
 [-0.16688 1.08547 4.49547 -4.09169]

exit

Positioning error, regarding  to the 
reference coordinates given in the 
header of RINEX file

Receiver clock 
offset
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2.4.  Check results with gLAB

Positioning error, 
with respect to the 
a priori coordinates.

Receiver clock 
offset
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grep OUTPUT gLAB.out | grep -v INFO |                  
gawk '{if ($4==300) print $19, $18, $20}'

 -0.1669  1.0855  4.4955

grep FILTER gLAB.out | grep -v INFO |              
gawk '{if ($4==300) print $8}'  

 -4.0917

Checking gLAB values:



Research group of Astronomy & Geomatics
Technical University of Catalonia

gAGE/UPC ©gAGE/UPC                                                                                http://www.gage.upc.edu 13

grep OUTPUT gLAB.out | grep -v INFO > results

Checking gLAB values:

Select rows containing  “OUTPUT” 
(in any of its columns)

This is a “pipe”:  the output  of the first “grep” 
is sent to the second one.

Skip rows containing  “INFO” 
(in any of its columns)
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Navigation equations system and least Squares 
solution
Exercise 2:

Repeat the previous exercise, but writing the system and computing 
the solution in (XYZ) coordinates.  

Complete the next steps:
1.- Use gLAB to compute the prefit-residuals and satellite (x,y,z) 

coordinates at time t=300 seconds.

2.- Build up the navigation equations system to compute the solution in 
(XYZ) coordinates. Solve the system with MATLAB (octave).

1 1 1
0, 0, 0,

1 1 1
0, 0, 0,1

2 2 2
0, 0, 0,2

2 2
0, 0, 0,

                1

          
   

........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat
rec rec r

n

x x y y z z

Prefit
x x y y z z

Prefit

Prefit

ρ ρ ρ

ρ ρ ρ

− − −

 
− − − 

  = 
 
  

2

0, 0, 0,

0, 0, 0,

      1
   

..........

                1

rec

recsat
ec

rec

recsat n sat n sat n
rec rec rec

sat n sat n sat n
rec rec rec

x
y
z

c dt
x x y y z z

ρ ρ ρ

 
 
  ∆  

   ∆  
 ∆ 
  
  − − − 
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Satellite 
coordinates
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Receiver 
coordinates to 
linearize the 
equations
( a priori )

1 1 1
0, 0, 0,

1 1 1
0, 0, 0,1

2 2 2
0, 0, 0,2

2 2
0, 0, 0,

                1

          
   

........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat
rec rec r

n

x x y y z z

Prefit
x x y y z z

Prefit

Prefit

ρ ρ ρ

ρ ρ ρ

− − −

 
− − − 

  = 
 
  

2

0, 0, 0,

0, 0, 0,

      1
   

..........

                1

rec

recsat
ec

rec

recsat n sat n sat n
rec rec rec

sat n sat n sat n
rec rec rec

x
y
z

c dt
x x y y z z

ρ ρ ρ

 
 
  ∆  

   ∆  
 ∆ 
  
  − − − 

  

(x0,rec , y0,rec, Z0,rec)
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2.1 Pre-fit residual vector (y) and Geometry matrix (G) generation

grep "MODEL "  gLAB.out | grep -v INFO | grep C1C | 
awk 'BEGIN{x=4789032.6277;y=176595.0498;z=4195013.2503}
{if ($4==300) 
{r1=x-$11;r2=y-$12;r3=z-$13;r=sqrt(r1*r1+r2*r2+r3*r3);

print $9-$10,r1/r,r2/r,r3/r,1}}'>M.dat

x0,rec =4789032.6277
y0,rec = 176595.0498
z0,rec =4195013.2503

1 1 1
0, 0, 0,

1 1 1
0, 0, 0,1

2 2 2
0, 0, 0,2

2 2
0, 0, 0,

                1

          
   

........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat
rec rec r

n

x x y y z z

Prefit
x x y y z z

Prefit

Prefit

ρ ρ ρ

ρ ρ ρ

− − −

 
− − − 

  = 
 
  

2

0, 0, 0,

0, 0, 0,

      1
   

..........

                1

rec

recsat
ec

rec

recsat n sat n sat n
rec rec rec

sat n sat n sat n
rec rec rec

x
y
z

c dt
x x y y z z

ρ ρ ρ

 
 
  ∆  

   ∆  
 ∆ 
  
  − − − 

  

y M

Pre-fit
1

-7,3516 -0,068854 0,632491 -0,771501 1
-5,3107 -0,671994 -0,626096 0,395511 1
-7,4675 -0,887550 0,146645 -0,436749 1
-6,8946 -0,204785 0,79818 -0,566544 1
-6,5154 -0,048353 -0,789036 -0,612441 1
-5,2957 -0,362015 -0,782645 -0,506372 1

-10,3137 -0,527188 -0,150041 -0,836398 1
-5,6687 -0,687410 0,722896 -0,069918 1

1 1 1
0, 0, 0,

1 1 1
0, 0, 0,

                1

          
   

sat sat sat
rec rec rec

sat sat sat
rec rec rec

x x y y z z
ρ ρ ρ
− − −
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Checking gLAB equations values with gLAB:

grep "PREFIT "  gLAB.out | grep -v INFO | 
gawk '{if ($4==300) print $8,$11,$12,$13, $14}'

y M
Pre-fit From gLAB

-7,3516 -0,0689 0,6325 -0,7715 1
-5,3107 -0,6720 -0,6261 0,3955 1
-7,4675 -0,8876 0,1466 -0,4367 1
-6,8946 -0,2048 0,7982 -0,5665 1
-6,5154 -0,0484 -0,7890 -0,6124 1
-5,2957 -0,3620 -0,7826 -0,5064 1

-10,3137 -0,5272 -0,1500 -0,8364 1
-5,6687 -0,6874 0,7229 -0,0699 1

y M
Pre-fit Previous computations

-7,3516 -0,068854 0,632491 -0,771501 1
-5,3107 -0,671994 -0,626096 0,395511 1
-7,4675 -0,887550 0,146645 -0,436749 1
-6,8946 -0,204785 0,79818 -0,566544 1
-6,5154 -0,048353 -0,789036 -0,612441 1
-5,2957 -0,362015 -0,782645 -0,506372 1

-10,3137 -0,527188 -0,150041 -0,836398 1
-5,6687 -0,687410 0,722896 -0,069918 1

Next, we will use MATLAB (octave) to 
solve this equations system by Least 
Squares

x0,rec =4789032.6277
y0,rec = 176595.0498
z0,rec =4195013.2503
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2.3.  Computing the LS solution with octave (or MATLAB)

octave

load M.dat

y=M(:,1)

G=M(:,2:5)

x=inv(G'*G)*G'*y

exit

∆X         ∆Y        ∆Z        dT
 [2.659322  -0.068950   3.786600 -4.091713]

Positioning error, with respect to the a priori 
coordinates given in the header of RINEX file:

Receiver clock 
offset

Finally, the receiver coordinates are:
(x,y,z)=(x0,rec , x0,rec , x0,rec)+(∆X, ∆y, ∆z)

=(4789032.6277, 176595.0498, 4195013.2503)+(2.659322,-0.068950,3.786600)

=(4789035.2870,176594.9808,4195017.0369)



Research group of Astronomy & Geomatics
Technical University of Catalonia

gAGE/UPC ©gAGE/UPC                                                                                http://www.gage.upc.edu 20

Navigation equations system and Kalman Filter

Exercise 3:
The measurement file UPC11490.05O has been collected by a receiver 
with fixed coordinates. Using navigation file UPC11490.05N, compute 
the SPP solution in static mode and check by hand the computation of 
the Kalman filter solution for the first three epochs (i.e. t = 300, t = 600 
and t = 900 seconds).

Complete the next steps:

1. Set the default configuration of gLAB for the SPP mode. Then, in 
section [Filter], select [ Static] in the Receiver Kinematics option. 
To process the data, click Run button. 

2. Write the Kalman filter equations. Check the configuration 
parameters applied by gLAB and compute by hand the solution for 
the first three epochs in file (i.e. t = 300, t = 600 and t = 900 s).

Note: Use prefit-residuals vector y(k) and design matrix G(k) from gLAB
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Kalman filter (see kalman.f)

Prediction

Estimation

Measurements

Initialization

( )ˆ ˆk k k k k k k

−− − − = +  
1T 1x P G R y P x

( )1
−−− − = +  k k k k k

11TP G R G P

0 0ˆ ,x P ˆ ,k kx P

1ˆ ˆk k k
−
+ = Φx x

T
1k k k k k

−
+ = Φ Φ +P P Q

,k ky R
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Filter configuration: From previous gLAB panel, it follows:

[*]:  By default, gLAB takes P0 as: σ0=1 ·104 m (coord.) and σ0=3 ·105 m (clock),
But the results will be basically the same.
(we use here σ0=3 ·105 m for coordinates and clock to easier computations)

(see comment [*])
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Kalman filter (see kalman.f)

Prediction

Estimation

Measurements

Initialization

( )ˆ ˆk k k k k k k

−− − − = +  
1T 1x P G R y P x

( )1
−−− − = +  k k k k k

11TP G R G P

0 0ˆ ,x P ˆ ,k kx P

1ˆ ˆk k k
−
+ = Φx x

T
1k k k k k

−
+ = Φ Φ +P P Q

,k ky R
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Prediction

Estimation

Prediction

Estimation
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grep "PREFIT "  gLAB.out | grep -v INFO > gLAB.dat

gawk '{if ($4==300) print $8,$11,$12,$13,$14 }' gLAB.dat >M300.dat

gawk '{if ($4==600) print $8,$11,$12,$13,$14 }' gLAB.dat >M600.dat  

gawk '{if ($4==900) print $8,$11,$12,$13,$14 }' gLAB.dat >M900.dat

Computation of pre-fit residuals an geometry matrix using gLAB
(see previous exercise)

y300 M300
Pre-fit 1

-7,3516 -0,0689 0,6325 -0,7715 1
-5,3107 -0,672 -0,6261 0,3955 1
-7,4675 -0,8876 0,1466 -0,4367 1
-6,8946 -0,2048 0,7982 -0,5665 1
-6,5154 -0,0484 -0,7890 -0,6124 1
-5,2957 -0,362 -0,7826 -0,5064 1

-10,3137 -0,5272 -0,1500 -0,8364 1
-5,6687 -0,6874 0,7229 -0,0699 1

y600 M600
Pre-fit 1

-7,3077 -0,1017 0,6223 -0,7761 1
-5,4529 -0,6574 -0,6196 0,4289 1
-7,4200 -0,8712 0,1305 -0,4732 1
-6,3605 -0,2298 0,8103 -0,5391 1
-7,1679 -0,0198 -0,7741 -0,6327 1
-5,4569 -0,3589 -0,8043 -0,4735 1

-10,1605 -0,5277 -0,1904 -0,8278 1
-5,6403 -0,6925 0,7209 -0,0281 1

y900 M900
Pre-fit 1

-6,8505 -0,1351 0,6124 -0,7789 1
-3,6943 -0,6418 -0,6128 0,4612 1
-7,0965 -0,8537 0,1131 -0,5084 1
-6,6825 -0,2535 0,8219 -0,5101 1
-7,3007 0,0096 -0,7590 -0,6510 1
-5,6064 -0,3561 -0,8245 -0,4398 1
-9,7147 -0,5288 -0,2302 -0,8170 1
-5,0505 -0,6959 0,7180 0,0136 1
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octave

load M300.dat

load M600.dat

load M900.dat

x0=[0 0 0 0]’

sigma0=3e5

P0=(sigma0)^2*eye(4,4)

sig_dt=3e5

Q=zeros(4,4)

Q(4,4)=(sig_dt)^2

fi=eye(4,4)

fi(4,4)=0    

i. Loading data files in octave and 
filter configuration
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y1=M300(:,1);

G1=M300(:,2:5);

sigma_y=1

R1=(sigma_y)^2*eye(size(y1),size(y1))

y2=M600(:,1);

G2=M600(:,2:5);

sigma_y=1

R2=(sigma_y)^2*eye(size(y2),size(y2))

y3=M900(:,1);

G3=M900(:,2:5);

sigma_y=1

R3=(sigma_y)^2*eye(size(y3),size(y3))
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• First iteration (t=300)
x1_=fi*x0
P1_=fi*P0*fi'+Q

P1=inv(G1'*inv(R1)*G1+inv(P1_))
x1=P1*(G1'*inv(R1)*y1+inv(P1_)*x1_)

• Second iteration (t=600)
x2_=fi*x1
P2_=fi*P1*fi'+Q

P2=inv(G2'*inv(R2)*G2+inv(P2_))
x2=P2*(G2'*inv(R2)*y2+inv(P2_)*x2_)

• Third iteration (t=900)

x3_=fi*x2
P3_=fi*P2*fi'+Q

P3=inv(G3'*inv(R3)*G3+inv(P3_))
x3=P3*(G3'*inv(R3)*y3+inv(P3_)*x3_)

exit

ii. Computations:
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Prediction

Estimation

Measurements

Initialization
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Coordinates (x,y,z)

grep OUTPUT gLAB.out | grep -v INFO > gLAB.tmp1

gawk '{if ($4==300) print $9,$10,$11}' gLAB.tmp1
 2.6593 -0.0689 3.7866

gawk '{if ($4==600) print $9,$10,$11}' gLAB.tmp1
 2.4861  0.1214 3.6351

gawk '{if ($4==900) print $9,$10,$11}' gLAB.tmp1
 2.2904  0.1760 3.8697

Clock (dt)

grep FILTER gLAB.out | grep -v INFO > gLAB.tmp2

gawk '{if ($4==300) print $8}' gLAB.tmp2   -4.0917

gawk '{if ($4==600) print $8}' gLAB.tmp2   -4.2850

gawk '{if ($4==900) print $8}' gLAB.tmp2   -3.9442

Cross-checking results with gLAB:
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Homework. Predicted Accuracy: Dilution Of Precision

Exercise 4:

Using navigation file UPC11490.05N, compute the Dilution Of Precision 
at time t = 300 seconds: GDOP, PDOP, TDOP, HDOP, VDOP.

Complete the next steps:

1.- Using previous results of exercises 1 and 2, compute the Geometry 
matrix G in (x,y,z,t) and (e,n,u,t) coordinates at t = 300 seconds :

1 1 1
0, 0, 0,

1 1 1
0, 0, 0,

2 2 2
0, 0, 0,

2 2 2
0, 0, 0,

0,

0,

                1

                1
 

..........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
xyzt rec rec rec

sat n
rec

re

x x y y z z

x x y y z z

x x

ρ ρ ρ

ρ ρ ρ

ρ

− − −

− − −
=

−

G

0, 0,

0, 0,

 

                1
sat n sat n

rec rec
sat n sat n sat n

c rec rec

y y z z
ρ ρ

 
 
 
 
 
 
 
 
 − − 
  

1 1 1 1 1

2 2 2 2 2

cos sin cos cos sin 1
cos sin cos cos sin 1

    
..........

cos sin cos cos sin 1

enut

n n n n n

el az el az el
el az el az el

el az el az el

 − − −
 
− − − =  
 
− − −  

G
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2.- Compute GDOP, PDOP, TDOP, HDOP, VDOP at time t = 300 

1  ( )

xx xy xz xt

xy yy yz ytT
xyzt xyzt xyzt

xz yz zz zt

xt yt zt tt

q q q q
q q q q
q q q q
q q q q

−

 
 
 = =  
  
 

Q G G

1  ( )

ee en eu et

en nn na ntT
enut enut enut

eu nu uu ut

et nt ut tt

q q q q
q q q q
q q q q
q q q q

−

 
 
 = =
 
 
 

Q G G
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Let R be the transformation matrix of (e,n,u,t) coordinates to (x,y,z,t) 

Verify that the estimated coordinates in exercises 1 and 2 fulfill next 
relationship:

3.- Check the coordinate transformation

sin sin cos cos cos 0
cos sin sin cos sin 0

  
0 cos sin 0
0 0 0 1

λ ϕ λ ϕ λ
λ ϕ λ ϕ λ

ϕ ϕ

− − 
 − =
 
 
 

R

  

e x
n y
u z
t t

   
   
   =
   
   
   

R

T
enut xyzt=Q R Q R

Justify the matrix R and previous expressions. Crosscheck results with gLAB.

Verify the transformation:
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Input Output

Hint: use gLAB
converter to 
compute the 
latitude and 
longitude from 
(x,y,z) coordinates

BACKUP SLIDE
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From ECEF (x,y,z) to Local (e,n,u) coordinates

BackupBACKUP SLIDE
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Thank you
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• The ESA/UPC GNSS-Lab Tool suit (gLAB) has been developed under the ESA 
Education Office contract N. P1081434.

• The data set of GRACE-A LEO satellite was obtained from the NASA Physical 
Oceanography Distributed Active Archive Center at the Jet Propulsion 
Laboratory, California Institute of Technology.

• The other data files used in this study were acquired as part of NASA's Earth 
Science Data Systems and archived and distributed by the Crustal Dynamics 
Data Information System (CDDIS).

• To Pere Ramos-Bosch for his fully and generous disposition to perform gLAB 
updates in his afterhours.   

• To Adrià Rovira-Garcia for his contribution to the edition of this material and 
gLAB updating.

• To Deimos Ibáñez for his contribution to gLAB updating and making the 
Windows installable version for this tutorial.

Acknowledgements


	Tutorial 5� � Solving navigation equations: �Least squares and Kalman filter
	Contents
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	Slide Number 38
	Acknowledgements

