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Lecture 11

Differential positioning 
with code

Professors: Dr. J. Sanz Subirana, Dr. J.M. Juan Zornoza 
and Dr. A. Rovira-García
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Linear model for DGNSS: Single Differences

1.  Linear model

2.  Geographic decorrelation of ephemeris errors

3.  Error mitigation and `short´ baseline concept

4.  Differential code based positioning
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Error mitigation:  DGNSS residual error

Error 

Short-baselines
Long-baselines

Errors are similar for users separated tens, even hundred of kilometres, 
and these errors vary ‘slowly’ with time. That is, the errors are 
correlated on space and time.

The spatial decorrelation depends on the error component (e.g. Clocks 
not decorrelate, ionosphere ~100km...). Thence, long baselines need a 
reference stations network.



gAGE
g

A
G

E
/U

P
C

 r
e
s
e

a
rc

h
g

ro
u

p
o
f 
A

s
tr

o
n

o
m

y
a
n
d

G
e

o
m

a
ti
c
s

B
a

rc
e

lo
n

a
T

E
C

H
, 
S

p
a
in

@ J. Sanz & J.M. Juan
5

 
P

j j j j j j j j

i i i i i i i iP c t t T I K K           M

 
L

j j j j j j j j j j

i i i i i i i i i iL c t t T I N b b               m

Code and carrier measurements

When approximate values of both 
receiver and satellite APC positions 
are taken, a linearization around 
them yields:

0 0 0
ˆ ˆ     j j j j j

i i i i iρ r ρ r

ir : Receiver coordinates error

 j
r : Satellite coordinates error

To Earth Centre

 ir

 j
r

 j

i
0

j

i

0ir

ir

ˆ j

iρ
0ρ̂

j

i

0  j j j
r r r

0  i i ir r r

Satellite  coordinates 
deviation

User coordinates  
deviation

0
0

0

ˆ





j
j oi
i j

oi

r r
ρ

r r

Linear model for Differential Positioning

Noise terms
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To Earth Centre

Reference 
Station

Baseline

ˆ j

uρ ˆ j

rρ

 ru u rr r r

rur

ur rr

User 
receiver

 j
r

6

Single difference

Code and carrier measurements

P

j j j j j

ru ru ru ru ru ru ruP c t T I K       

L

j j j j j j j

ru ru ru ru ru ru ru ru ruL c t T I N b           

( ) ( ) ( ) ( )       j j j j

ru ru u r

Linear model for Differential Positioning
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j j j j j j j

u u u u u u uP c t t T I K K          

 
P

j j j j j j j

r r r r r r rP c t t T I K K          

The same for the carrier :

 
P

j j j j j j j j

i i i i i i i iP c t t T I K K           M

 
L

j j j j j j j j j j
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To Earth Centre

Reference 
Station

Baseline

ˆ j

uρ ˆ j

rρ

 ru u rr r r

rur

ur rr

User 
receiver

7

Single difference

Code and carrier measurements

P

j j j j j

ru ru ru ru ru ru ruP c t T I K       

L

j j j j j j j

ru ru ru ru ru ru ru ru ruL c t T I N b           

Single difference cancels:
• Satellite clock  
• Satellite code instrumental delays  
• Satellite carrier instrumental delays  

Single differences mitigate/remove errors due
• Satellite Ephemeris
• Ionosphere
• Troposphere
• Wind-up
The residual errors will depend upon the 
baseline length.

( ) jt
( )jK

( )jb

 j
r

( ) j
r

( )j

iI

( )j

iT

( ) ( ) ( ) ( )       j j j j

ru ru u r

Linear model for Differential Positioning

( )j
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i i i i i i i iP c t t T I K K           M
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i i i i i i i i i iL c t t T I N b b               m
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1 1( ) sat sat

ru ruL L    

PRN06

PRN30

PRN06

PRN30

PLAN-GARR: 15km

1( )
L

j j j j j j j

ru ru ru ru ru ru ru ru ruL L c t T I N b               

1 1( ) sat sat

ru ruP P    

1( )
P

j j j j j

ru ru ru ru ru ru ruP P c t T I K           

Dif. Tropo. and Iono. :
Small variations

Dif. Instrumental 
delays  and carrier 
ambiguities:
constant

Dif. Wind-up: Very small

Dif. Receiver clock:
Main variations Common 
for all  satellites

Single-Difference of measurements

(corrected by geometric range!!)
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PRN06

PRN30

PRN06

PRN30

PRN06

PRN30

PLAN-GARR: 15km

IND1-IND2: 7m

PRN06

PRN30

IND1-IND2: 7m

1 1( ) sat sat

ru ruL L     1 1( ) sat sat

ru ruP P    

1 1( ) sat sat

ru ruL L     1 1( ) sat sat

ru ruP P    

Single-Difference of measurements

(corrected by geometric range!!)
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Dif. Tropo. and Iono. :
Small variations

Dif. Instrumental 
delays  and carrier 
ambiguities:
constant

Dif. Wind-up: Very small

Dif. Receiver clock:
Main variations Common 
for all  satellites

Single-Difference of measurements

(corrected by geometric range!!)

PRN06

PRN30

IND1-IND2: 7m

PRN06

PRN30

IND1-IND2: 7m

1 1( ) sat sat

ru ruL L     1 1( ) sat sat

ru ruP P    

1( )
L

j j j j j j j

ru ru ru ru ru ru ru ru ruL L c t T I N b               

1( )
P

j j j j j

ru ru ru ru ru ru ruP P c t T I K           
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P

j j j j j j j

i i i i i i iP c t t T I K K          

Single difference

 
L

j j j j j j j j j

i i i i i i i i iL c t t T I N b b              

Code and carrier measurements

( ) ( ) ( ) ( )       j j j j

ru ru u r

j j j j j

ru ru ru ru ru ru ruP c t T I K       

where:
0 0 0

ˆ ˆ     j j j j j

i i i i iρ r ρ r

where:

With some algebraic manipulation, it follows:

L

j j j j j j j

ru ru ru ru ru ru ru ru ruL c t T I N b           

0 0 0 ;j j j

ru u r ru u site       r r εbeing:

Linear model for Differential Positioning

j j j

ru u r   

0 0 0 0
ˆ ˆ ˆ       j j j j j j

ru ru u ru ru site ru ephρ r ρ ε ρ ε

0  u u ru siter r r εFinally:

j j

eph r ε
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Ref.
Sta.

 ru u rr r r

ur rr

User 
receiver

siteε

j

ephε

To Earth Centre
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0
ˆ ;j

ru site sitej

u

b


 ρ ε ε 0

ˆ


 j j j

ru eph ephj

u

b
ρ ε ε

Thence, taking into account the relationships:

and being                      it follows that for a baseline   

1

1000
 

j

u

b

20000 kmj

u  20kmb

The effect of 5 metres error in orbits or in site coordinates  
is less than 5 mm in range for the estimation of .         rur

But, the user position estimate will be shifted by the error 
in the site coordinates 0u u ru site  r r r ε

 rub r

0 0 0 0
ˆ ˆ ˆ       j j j j j j

ru ru u ru ru site ru ephρ r ρ ε ρ ε

and where the         estimate will be affected in 
turn by the ephemeris and sitting site errors as: 

Range error due to
reference station 

coordinates uncertainty

Range error due to
Sat. coordinates 
uncertainty

 rur

Linear model for Differential Positioning
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Exercise:

Demonstrate the following relationship:

0
ˆ


 j

ru site site

b
ρ ε ε

Hint:

 0 0 0

0 0

ˆ ˆ ˆj j j

ru site u r site

j j

u r
site site

b

 

   

 
   
 

ρ ε ρ ρ ε

ρ ρ
ε ε

To Earth Centre

Reference 
Station

ˆ j

uρ ˆ j

rρ

 ru u rr r r

rur

ur rr

User 
receiver

j
r

Satellite-j

0 0
0

0

0 0

0 0
0

0

ˆ

ˆ

j j
j r r
r j j

rj j

r u j j
j u u
u j j

u

 
  

 


 


   

  



ρ ρ
ρ

ρ ρ
ρ

Note: the following approaches have been taken:

 rub r

 u v u v0ru rub  r r

Linear model for Differential Positioning
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Linear model for DGNSS: Single Differences

1.  Linear model

2.  Geographic decorrelation of ephemeris errors

3.  Error mitigation and `short´ baseline concept

4.  Differential code based positioning
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True position

Reference Station

Geographic decorrelation of ephemeris errors

Satellite 
location error

Position from 
broadcast 
ephemeris



User

ref

user

user

ρ

ε

ref

ref

ρ

ε

user refuser

user ref


 

   
ρρ

ε ε

Differential range error due to 
satellite obit error

with a baseline 20

20 1

20000 1000
  



 

b km

 



b

A conservative bound:
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True position

Reference Station

Satellite 
location error

Position from 

broadcast 
ephemeris



User

ref


 user

user

ρ
ε
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ref

ρ
ε

user
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refuser

user ref


 

   
ρρ

ε ε

user

user

ρ

ε

Satellite 
location  error

Range error 
from 
CREU and 
EBRE

Differential range error from 
between CREU and  EBRE

288 km of baseline
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288 km of baseline

CREU
Absolute positioning

CREU-EBRE
Differential positioning

refuser

user ref


 

   
ρρ

ε ε

Differential range error from 
between CREU and  EBRE

user

user

ρ

ε

Range error 
from 
CREU and 
EBRE
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1 1

2 2

eph

eph





  

  

  

  
1 2 1 2 constant 0          

eph

1 2

2

1

Orbit Errors over the 
hyperboloid will not  
produce differential 
range errors.
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1 1

2 2

eph

eph





  

  

  

  
1 2 1 2 constant 0          

eph

1 2

2
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eph

Orbit Errors over the 
hyperboloid will not  
produce differential 
range errors.



g
A

G
E

/U
P

C
 r

e
s
e
a
rc

h
 g

ro
u
p
 o

f 
A

s
tr

o
n
o
m

y
 a

n
d
 G

e
o
m

a
ti
c
s

g
A

G
E

/U
P

C
 r

e
s
e

a
rc

h
g

ro
u

p
o
f 
A

s
tr

o
n

o
m

y
a
n
d

G
e

o
m

a
ti
c
s

B
a

rc
e

lo
n

a
T

E
C

H
, 
S

p
a
in

gAGE

@ J. Sanz & J.M. Juan

• Errors over the hyperboloid (i.e. 
) will not  produce 

differential range errors.
• The highest error is given by 

the vector     , orthogonal to 
the hyperboloid and over the 
plain containing the baseline 
vector    and the LoS vector   .
Note: 

Being the baseline b much smaller than 
the distance to the satellite, we can 
assume that the LoS vectors from A and 
B receives are essentially identical to .
That is,   

û

ρ̂b̂

û
B A ctt  

( ) / 2  :  hyperboloid semiaxis

/ 2  :  focal length

1
cos

2

B Aa

b

where a b

 



 



B A   

( ) 2

2 2 sin

1
sin

B A a

a a
b

b

    

 
   

   

 


   

   
   

   

 

     
   

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆˆ ˆ ˆ ˆ

     

     

T T

T T

u ρ b ρ b ρ ρ -ρ ρ b

Ib ρ ρ b I ρ ρ b

ε

 

 

sin
ˆ ˆsin

ˆ ˆ

T T

T T

b b
 

 



     

   

ε u ε u

b
ε I ρ ρ

Differential range error      produced by an
orbit error       parallel to vector 

Let 




Thence:

  Note:     ε ρ

 

ˆNote: being  a vector orthogonal

ˆ ˆ          to the LoS , thence, T 

u

ρ ε u

û

ˆWhere:       

is the baseline vector

bb = b

ˆNote:   sin   u u

Note: in this 3D problem  is NOT the elevation of ray. 
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ORBIT TEST : 
Broadcast orbits  
Along-track Error (PRN17)

PRN17: 
Doy=077, Transm. time: 64818 sec

17 10  3 18 20  0  0.0 1.379540190101E-04 2.842170943040E-12 0.000000000000E+00
7.800000000000E+01-5.059375000000E+01 4.506973447820E-09-2.983492318682E+00

-9.257976353169E-05 5.277505260892E-03 8.186325430870E-06 5.153578153610E+03
4.176000000000E+05-5.401670932770E-08-4.040348681654E-01-7.636845111847E-08
9.603630515702E-01 2.215312500000E+02-2.547856603060E+00-7.964974630307E-09

-3.771585673111E-10 1.000000000000E+00 1.575000000000E+03 0.000000000000E+00
2.000000000000E+00 0.000000000000E+00-1.024454832077E-08 7.800000000000E+01
4.104180000000E+05 4.000000000000E+00

diff EPH.dat.org EPHcuc_x0.dat --------------------------------------------------
<    -2.579763531685E-06 5.277505260892E-03 8.186325430870E-06 5.153578153610E+03
>    -9.257976353169E-05 5.277505260892E-03 8.186325430870E-06 5.153578153610E+03
---------------------------------------------------------------------------------
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rov3

rov1

rov2

11 km

31.3 km

19.7 km

15.2 km

39.3 km

22

 ˆ ˆT T


   
b

ε I ρ ρ

εOrbit error Range error

Differential range error
Baseline: b=31.3km

Baseline 31.3 km

user

user

ρ

ε
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Linear model for DGNSS: Single Differences

1.  Linear model

2.  Geographic decorrelation of ephemeris errors

3.  Error mitigation and `short´ baseline concept

4.  Differential code based positioning
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If the distance between the user and the reference station is "short enough", 
so that the residual error ionospheric, tropospheric and ephemeris are small 
compared to the typical errors due to receiver noise and multipath, it can be 
assumed:

Error mitigation and short baseline concept

0
ˆ0 ; 0j j j j

ru ru ru ephT I   ρ ε

Note that the previous definition of  “shortness” is quite fussy

Working with smoothed code, a residual error of about 0.5 metres could be 
tolerable, but for carrier based positioning it should be less than 1 cm to 
allow the carrier ambiguity fixing.

• The differential ephemeris error is at the level of few centimetres for 
baselines up to 100 km  (i.e. 5 cm assuming a large bound of                 ). 

• The typical spatial gradient of the ionosphere (STEC) is 1-2 mm/km (i.e.   
0.1-0.2 m in 100km), but it can be more than one order of magnitude higher 
when the ionosphere is active.

10 mj

eph 
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Note that the previous definition of  “shortness” is quite fussy

• The correlation radio of the troposphere is lower than for the ionosphere. At 
10km of separation the residual error can be up to 0.1-0.2 m. Nevertheless, 
90% of the tropospheric delay can be modelled and the remaining 10% can 
be estimated together with the coordinates (for high precision applications). 
For distances beyond a ten of kilometres or significant altitude difference it 
would be preferable to correct for the tropospheric delay at the reference 
station and user receiver.  

Carrier-smoothed code:
Pseudorange code measurement errors due to receiver noise and multipath 
can be reduced smoothing the code with carrier measurements. 
Smoothed codes of 0.5m (RMS) can be obtained with 100 seconds smoothing. 
On the other hand, the ionospheric error is substantially eliminated in 
differential mode and the filter can be allowed for lager time smoothing 
windows.

25

Error mitigation and short baseline concept
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Linear model for DGNSS: Single Differences

1.  Linear model

2.  Geographic decorrelation of ephemeris errors

3.  Error mitigation and `short´ baseline concept

4.  Differential code based positioning
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0 0
ˆj j j

ru ru u u   ρ r

P

j j j j j

ru ru ru ru ru ru ruP c t T I K       

Differential code based positioning

0 0 0 , 0
ˆ ˆ ˆj j j j j j

ru ru u ru ru site r ru eph       ρ r ρ ε ρ ε
P

j j j

ru ru ru ru ruP c t K     

Thence,

If the reference station coordinates are known at the 
centimetre level and the distance between reference 
station and user are “not too large”, we can assume 0

0 ; 0

ˆ 0

0

j j

ru ru

j j

ru eph

site ru u

T I 

 

    

ρ ε

ε r r

Or, what is the same:

0 0
ˆ

P

j j j j

ru ru u u ru ru ruP c t K        ρ r

The left hand side of previous equation can be spitted in two terms: 
one associated to the reference station and the other to the user:

 
0 0 0

      j j j j j j

ru ru u u r rP P P

Note : for baselines  up to 100 km 

the range error of broadcast 
orbits is less than 10 cm

(assuming                  ).10 mj

eph 

ru u r u site      r r r r ε
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Differential code based positioning

0

j j j

r rPRC P 

0 0
ˆ

P

j j j j j

u u u u ru ruP PRC c t        ρ r

• The term               is the error in range measured by the reference 
station, which can be broadcasted to the user as a differential correction: 

0
j j

r rP

• The user applies this differential correction to remove/mitigate common 
errors: 

Where the receiver’s instrumental delay term       is included 
in the differential clock ruc t

ruK

For distances beyond a ten of kilometres, or significant altitude difference, it 
would be preferable to correct for the tropospheric delay at the reference 
station and user receiver.  28

0 0
ˆ

P

j j j j

ru ru u u ru ru ruP c t K        ρ r

The left hand side of previous equation can be spitted in two terms: 
one associated to the reference station and the other to the user:

 
0 0 0

      j j j j j j

ru ru u u r rP P P
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29

– The reference station with known coordinates, computes  pseudorange

and range-rate corrections: PRC= ref, –Pref ,  RRC= PRC/t .

– The user receiver  applies the PRC and RRC to correct its own 
measurements, Puser + (PRC + RRC (t-t0)), removing SIS errors and  

improving  the positioning accuracy.

Reference station
(known Location)

Actual SV 
Position

Broadcast SV 
Position

Differential Message Broadcast

PRC, RRC

Measured 
Pseudoranges

Range Differential Correction Calculation

Calculated 
Range ref

Pref

Puser

User

DGNSS with code ranges: users within a hundred of kilometres can obtain 
one-meter-level positioning accuracy using such pseudorange corrections.
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0

0

0

1

1

2 2

ˆ 1
Pref

ˆPref 1

... ...

Pref
ˆ 1

T

u

T

uu

ru

n
T

n

u

c t

 
  
  

          
  
  
  

ρ

rρ

ρ

0 0
ˆ

P

j j j j j

u u u u ru ruP PRC c t        ρ r

The user applies this differential correction to remove/mitigate common 
errors: 

where the receiver’s instrumental delay term       is included in 
the differential clock ruc t

ruK

0
Pref j j j j

u uP PRC  

The previous system for navigation equations is written in matrix notation as:

where

Differential code based positioning

0 0
ˆ

P

j j j j j

u u u u ru ruP PRC c t        ρ r
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Time synchronization issues:

For simplicity we have dropped any reference to measurement 
epochs, but real-time implementations entail delays in data 
transmission and the time update interval can be limited by 
bandwidth restrictions. 

• Differential corrections vary slowly and its useful life can be up to 
several minutes with S/A=off. 

• To reduce bandwidth, the reference station computes Pseudorange 
Corrections (PRC) and Range-Rate Correction (RRC) for each 
satellite in view, which are broadcast to every several seconds, up to 
a minute interval with S/A=off.  

• The user computes the PRC at the measurement epoch as: 

31

0 0( ) ( ) ( )  j j jPRC t PRC t RRC t t

Differential code based positioning
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Note: we have considered here only code measurements. The carrier based 
positioning will be treated next, using double differences of measurements and 
targeting the ambiguity fixing.  

Data handling:

Reference station and user have to coordinate how the 

measurements are to be processed:

• Corrections must be identified with an Issue of Data (IOD) and 

time-out must be considered.

• Both receivers must use the same ephemeris orbits (which are 

identified by the IODE).

• If reference station uses a tropospheric model the same model 

must be applied by the user.

• If reference station uses the broadcast ionospheric model, the user 

must do the same. 

Differential code based positioning
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– The reference station with known coordinates, computes  pseudorange and 

range-rate corrections: PRC= ref – Pref,   RRC= PRC/t .

– The user receiver  applies the PRC and RRC to correct its own 
measurements, Puser + (PRC(t0) + RRC(t-t0)), removing SIS errors and  

improving  the positioning accuracy.

Reference station
(known Location)

Actual SV 
Position

Broadcast 
SV Position

Differential Message Broadcast

PRC, RRC

Measured 
Pseudoranges

Range Differential Correction Calculation

Calculated 
Range ref

Pref
Puser

User

DGNSS with code ranges : users within a hundred of kilometres can obtain 
one-meter-level positioning accuracy using such pseudorange corrections.
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ftp://cddis.gsfc.nasa.gov/highrate/2013/

1130752.3120 -4831349.1180  3994098.9450   gods
1130760.8760 -4831298.6880  3994155.1860   godn
1112162.1400 -4842853.6280  3985496.0840   usn3

GODN

76 mUSN3

GODS
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GPS Standalone GPS Standalone

DGPS

GODN

USN3

GODS

GODN

USN3
GODS: reference

station

GODN

USN3

GODS

DGPS

GODN

USN3
GODS: reference

station

S/A=off
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PRC

RRC

DGPS

GODS: reference
station

GODS: reference
station

GODN

USN3
GODS: reference

station

DGPS

GODN

USN3
GODS: reference

station
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Thank you
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Ref.
Station

Baseline

ˆ j

uρ ˆ j

rρ

 ru u rr r r

rur

ur rr

User 
receiver

 ur
 rr

 j
r

To Earth Centre

0
ˆ j

uρ 0
ˆ j

rρ
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P

j j j j j j j

i i i i i i iP c t t T I K K          

Single difference

 
L

j j j j j j j j j

i i i i i i i i iL c t t T I N b b              

Code and carrier measurements

( ) ( ) ( ) ( )       j j j j

ru ru u r

j j j j j

ru ru ru ru ru ru ruP c t T I K       

where:
0 0 0

ˆ ˆ     j j j j j

i i i i iρ r ρ r

where:

0 0 0 0 0

0 0 0 0

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ

j j j j j j j j

ru ru u u r r u r

j j j j j

ru u ru ru r ru

 



        

      

ρ r ρ r ρ r ρ r

ρ r ρ r ρ r

L

j j j j j j j

ru ru ru ru ru ru ru ru ruL c t T I N b           

0 0 0 ;j j j

ru u r ru u r       r r rbeing:

Linear model for Differential Positioning

j j j

ru u r   
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Exercise:

Let be:

where 

0 0 0 0
ˆ ˆ ˆj j j j j j

ru ru u ru ru r ru       ρ r ρ r ρ r

Show that the Single Differences are given by:

j j j

ru u r   

0 0 0
ˆ ˆj j j j j

i i i i i     ρ r ρ r (from Taylor expansion)

0 0 0 ;j j j

ru u r ru u r       r r rbeing:
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Let’s assume that:

• The satellite coordinates are known with an uncertainty  
• The reference station coordinates are known with an 

uncertainty

Thence, the user position can be computed from the         
estimate, with an error      , as: 

44

0 0 0 0
ˆ ˆ ˆ       j j j j j j

ru ru u ru ru r ruρ r ρ r ρ r

0 0 0 0
ˆ ˆ ˆ       j j j j j j

ru ru u ru ru site ru ephρ r ρ ε ρ ε

0  u u ru siter r r ε

r site r ε
0( . . ) r r sitei e r r ε

and where the         estimate will be affected in 
turn by the ephemeris and sitting site errors as: 

Range error due to
reference station 

coordinates uncertainty

Range error due to
Sat. coordinates 
uncertainty

siteε
 rur

 rur

Ref.
Sta.

 ru u rr r r

ur rr

User 
receiver

siteε

j

ephε

To Earth Centre

Linear model for Differential Positioning

ru u r   r r rwith

0 0 0u u u u ru r u ru site       r r r r r r r r ε

j j

eph r ε
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12  GPS Standard Positioning Service Performance Standard [RD-3].
13 This is the typical range of ionospheric residual errors after application of the baseline Klobuchar

model broadcast by GPS for mid-latitude regions.

EGNOS Safety of Life Service Definition Document  (Ref : EGN-SDD SoL, V1.0). 
European Comission. 

http://www.essp-sas.eu/downloads/vubjj/egnos_sol_sdd_in_force.pdf

SREW: Satellite Residual Error for the Worst user location.
UIVD:  User Ionospheric Vertical Delay.
UERE:  User Equivalent Range Error


