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Linear model for Differential Positioning
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Single-Difference of measurements
(corrected by geometric range!!
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Double-Difference of measurements
(corrected by geometric range!!
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@ Linear model for Differential Positioning
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Exercise:

Consider the Single Differences of geometric range:
IO;{u :IOOiJ’u _ﬁ(){l .Arru _ﬁO{’u .Ssite +ﬁ0{"u .Sgph

where 2., =p]-p]

Show that the Double Differences are given by:
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pru _IOOru pOu Arru pOru 8site_l_p0m E:eph pOru seph

being: k= 5k _ 50 . — _
g pOru - pOru pOru > Arru - Aru ssite
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Linear model for Differential Positioning
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For short baselines (e.g. up to 10 km) and if the reference Ar, =Ar, —g_
station coordinates are accurately known, we can assume:
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Differential code and carrier positioning

As with the SD, the left hand side of previous equations can be spitted
in two terms: one associated to the reference station and the other to
the user. Then, the differential corrections can be computed for code

and carrier as: PRijk _ Poik _})rjk . PRC, Jk _ p Jk _ij

e The user applies this differential correction to remove/mitigate common
errors:

P —p + PRC, =—p 17 -Ar, +v I

L* —pof‘ + PRC,’" = p LAY, + AN 4y

Lru

Where the carrier ambiguities NV are integer numbers and
must be estimated together with the user solution.

For larger distances, the atmospheric propagation effects (troposphere,
ionosphere) must be removed with accurate modelling. Wide area users
will require also orbit corrections.

Remark: P —p i =P*—p ¥ —(P*-p ) 10



@ Differential code and carrier positioning

The user applies this differential correction to remove/mitigate common errors
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where

The previous system for navigation equations is written in matrix notation as:
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Differential positioning
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PRC

Reference station
(known Location)

— The reference station with known coordinates, computes differential
corrections: prC,* = p * —p/* . PRC* =p * -

— The user receiver applies these corrections to its own measurements to
remove SIS errors and improve the positioning accuracy.
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covariance matrix is diagonal:

@ Correlations among the DD Measurements

We assume uncorrelated measurements (both code and carrier). Then, the

P,=0.1 P,=0;1 where, we can assume: o, =50cm; o, =5mm

Let X represent the code P or the Carrier L measurement.

e The single difference (SD) and its covariance matrix can be computed as:

Xt 1
x| Lo

1
PXSD - 0

Xk
-1 0 0]lxf|
0 1 -1||x/]| "~
X/
_6)2( 0
-1 0 0| 0 oo
0O 1 —-1|f0 O
0 0

Thence, if the measurements are
uncorrelated, so are they in single
differences, but the noise is twice!

T o
-1 0 5
=201
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@ Correlations among the DD Measurements

* Now, the double difference (DD) and its covariance matrix can be
computed as:

— P —_
Xru

X 1 -1 0 .
= X] ;
X/ 0 -1 1 "

!
X

262 0 01 o0

P 1_100220 112221
== O -1 —1\|\=ZO
Yool -1 1 * 11 2

0 0 25200 1

Thence, even if the original measurements are uncorrelated, the
double differences are correlated.

Note: The removal of the relative “User”—"Reference-station” common bias
(e.g. relative receiver clock) in DD is done at the expense of one
observation and the introduction of a correlation between measurements.
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@ Single and double differences of receivers/satellites

GPS (k)

GPS (K) GPS (K GPS (ref)
'y Bt

-

v ., lonosphere

lonosphere

i ’V HE- |4= n:elr R,;F‘i-ec
1k R « e . 1 -
VD o:D ._D ° AD ZD rov _D ref AVD — AD _AD —
Receiver errors affecting SIS errors affecting both
both satellites are removed  receivers are removed =V -V
(e.g. Receiver clock) (e.g. Satellite clocks,...) rov ref

Receiver errors common for all satellites do not affect positioning (as
they are assimilated in the receiver clock estimate). Thence:

- Only residual errors in single differences between sat. affect absolute posit.
- Only residual errors in double differences between sat. and receivers affect
relative positioning.

www.gage.upc.edu @ J. Sanz & J.M. Juan
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@ Single and double differences of receivers/satellites

GPS (k)

GPS (K GPS (ref)
! B B

GPS (K) GPS ref)

A B
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—

Rover

k R o o .
VD .ED ._D o All "= rov_D ref AVD = AD k—AD R:
Receiver errors affecting SIS errors affecting both
both satellites are removed  receivers are removed =V -V
(e.g. Receiver clock) (e.g. Satellite clocks,...) rov ref

When comparing SD and DD one might suggest that in the DD
formulation there is even further error reduction, positively influencing
the results in positioning. This is however not true, since in the SD
case the mean value of unmodelled effects is absorbed by the receiver
clock. If the DD correlations are taken into account, the positioning
results in both cases are the same. However the DD formulation has
the advantage that it allows the direct estimation of the ambiguities.
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Relative Positioning

The following relationship can be obtained ]
from the figure, where we assume that the Satellite-
baseline is shorter than the distance to 0!
the satellite by orders of magnitude:

J — A A — AT
pru_pu pr_ pu rru

Applying the same scheme to a
second satellite “k”

ko ok Kk Ak
pru _pu _pr __pu.rru

Reference
Station

Thence, the double differences of W
ranges are: To Earth Centre

Jk _ k J _ kA _ __AJk
pru _pru_pru __(pu_pu)rru __pu .rru
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Relative Positioning

Thence, the double differences of ranges are:

Bt

As commented before, for short baselines (e.g.
less than 10km), we can assume that ephemeris
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Note that these equations allows
a direct estimation of the
baseline, without needing an
accurate knowledge of the
reference station coordinates.

www.gage.upc.edu
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Relative Positioning

Jk _| _ [Tk Jk
I)ru N pu rru +Vpru Ak Ak A
|~k Jjk jk where | P, =P, —P;
Lru — _pl/l .rl"u +1Nru +VL7"M

The previous system for navigation equations is written in matrix notation as:
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Double-Difference of measurements
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@ Double-Difference of measurements
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Relative Positioning

Exercise:

Demonstrate the following relationship
between the baseline and the differential
range [*]:

J
2p) +r .

ru

j
+ pu+rru

Jo—omd o —
Pru = LPu — Ps |pf,

Reference Station
Comments:

The previous expression can be written as:

|2p] +r,
p,

j
& — p.+r. /2

pj—ﬂ,f:—(a)jéj)-r,,u with @’ =

+|p +r,,

p,+r,, /2

e Taking r_ =0 in @’ and € leads to the approximate expression previously found.

o @ and € depend on the baseline r,, , which is the vector to estimate.
Nevertheless, it is not very sensitive to changes in such baseline and can be computed
iteratively, computing the navigation solution starting from r, =0.

' [*] This result is from [RD-7] @ J. Sanz & J.M. Juan oz



Relative Positioning

Solution

Consider the following relations:
r, =p —p,

p+r/2_p+p

"j
olera 2] el
(Hzpi "‘rmHéj)‘rm = HPiHZ _Hpin = User Referenc tation
= (e 1=l (e o)
=(p!=pl)(lol+r. ]+ i)
Then:
pl-pl=—(0'¢)r,
with: g/ = |20+, jal — Azpifl‘m
Y lp:]+Jo2 .|
www.gage.upc.edu @.J. Sanz & JM. Juan
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Relative Positioning

In this approach, the reference station broadcast its time-
tagged code and carrier measurements, instead of the
computed differential corrections.

Thence, the user can form the double differences of its own
measurements with those of the reference receiver, satellite by
satellite, and estimate its position relative to the reference receiver.

Notice that, the baseline can be estimated without needing an accurate
knowledge of reference the station coordinates. Of course, the
knowledge of the reference station coordinates would allow the user
to compute its absolute coordinates.

www.gage.upc.edu @ J. Sanz & J.M. Juan
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Relative Positioning

Time synchronization issues:

There is an important and subtitle difference between the previous
approach of relative positioning (which does not need to know the
reference station coordinates) and the differential positioning
approach based on the knowledge of the reference station
coordinates.

 The differential corrections wary slowly, and its useful life can be up
to several minutes with S/A=0ff.

« But, the measurements change much faster. The range rate can be
up to 800m/s and, thence, a synchronization error of 1millisecond
can lead up to more than 1/2 meter of error.

« As commented before, real-time implementation entails also
latencies, that can be up to 2 seconds, thence, a extrapolation
technique must be applied to the measurements to reduce error due
to latency and epoch mismatch (to <1cm if ambiguities are intended
to be fixed).

www.gage.upc.edu @ J. Sanz & J.M. Juan
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PRC (from GODS) : 2013 02 21 2013 02 21 GODS PRMNO3: L1 carrier
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Receiver: JAVAD TRE_G3TH DELTA3.3.12
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2013 02 21 GODS FRNOS: L1 carrier 2013 02 21 GODS PRWO3: L1 carrier
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COMMENTS

o _ _ _ RRC= APRC/At
Real-Time implementation entails delays in data .. T —

transmission, which can reach up to 1 or 2 s.

FRHNDZ -

e Differential corrections vary slowly and its
useful life is of several minutes (S/A=0off)

e But, the measurements change much faster:
*The range rate dp/dt can be up to 800m/s
and, therefore, the range can changeby ...l . . . . |
more than half a meter in 1 millisecond.
Moreover the receiver clock offset can be
up to 1 millisecond (depending on the
receiver configuration).

dl, ~dp +dt_

*Thence, the reference station .. A _______ - 53(;0K$=51n;5
measurements must be :
-Synchronized to reduce stationclock | i i ]
mismatch: station clock can be estimated® -« """
to within 15  Zar, < 1mm o gt ~660ms
-Extrapolatgd to reduce error due tO_ . dpup to ~800 m /s |
latency: carrier can be extrapolated with
error < 1cm. L e

www.gage.upc.edu @ J. Sanz & J.M. Juan



Contents

Linear model for DGNSS: Double Differences
1. Differential Code and carrier based positioning
2. Precise relative Positioning
3. The Role of Geometric Diversity

www.gage.upc.edu @ J. Sanz & J.M. Juan

30



The Role of Geometric Diversity: Triple differences

Let us consider again the problem of relative positioning for short baselines.
We have previously found the following equation for DD carrier
measurements, assuming short baselines (e.g. < 10km)

ij ( ik P ka P This is from [RD-3]
=—\p, —P ) r, -+ +V
ru u u

Lru

As the ambiguities are constant along continuous carrier phase arcs, an
option could be to take differences on time. Thence, if the user and
reference receiver are stationary we can write the “triple differences” as:

"S5 ] (59 -, )
SL =~ (59t —op,)r, +ov b = | 0L || ~(oBi-0bl) | g
where: —5L1”1”<— (5p 5p)

jk — rik jk
5Lm =L, (t )— L, (t ) For simpI|C|ty, we assign (j=1) to the

reference satellite

www.gage.upc.edu @ J. Sanz & J.M. Juan
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The Role of Geometric Diversity: Triple differences
This is from [RD-3]

_5L12_ __(5ﬁi_5ﬁL)T_
SL = (59t —op))m, +ov = | 0L || (b o) | g
;
oL, | (5p _5p! )

Now, we have a “clean” equations system involving only the
baseline vector to estimate. But the geometry is very weak (the
associated DOP will be large number) and the position estimates
will be in general worse than those from double differences.

@ J. Sanz & J.M. Juan
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Estimation of position and change in position:

the role of Geometric Diversity

This is
from [RD-3]

Let us now consider a simple model for the estimation of the relative
position vector from SD carrier measurements, assuming short baselines

(e.g. <10km):

L =p/ +cdt, +AN, +b +v '/

o =pl —p

_Ll ] (_f)i,
L, |_| (-
K

_Lru_ _(_ﬁuK

0/ .
pM rru

Lru

—

AN!

ru

AN?

ru

+V

ANE

ru

g A J J
Lru =P, L, +dru +/1Nru +VLru

r

where d =cot +b,

)

Satellite-j
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Estimation of position and change in position:

the role of Geometric Diversity This is
from [RD-3]

Previous system can be arranged as:

NI E I Considering now differences between two
L “ AN, . .
o () 1] v epochs ¢,and ¢,, and assuming no cycle-slips:
- B {d,u} - oY Lm(tl)—Lm(tO)=G(tl)[rm(tl)}—G(to){rm(to)}f’
[ T I d, ()] d,(t,)
L. G or,(t)=r,(4)-r, () werwren
PR _—(ﬁi(tl)—ﬁi(to))r 0]
or,, () r, (%) | . —(BLe)-pLi)) o
L —L =G G -G v )-G(t,) = W) =P Ly
— 7 - (pL(t)—pL()) i
Estimation of changes || Estimation of absolute value
in baseline vector and || of baseline vector is tied to
clock bias is tied to the change in geometry d _(t,)cannot be
the geometry matrix | matrix at time ¢,. This would octimated at alll
at time ¢,. This can be poor determined if such
be well determined. change is not significant.
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