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Lecture 5
GNSS Measurements and 

Data Pre-processing

Professors: Dr. J. Sanz Subirana, Dr. J.M. Juan Zornoza 
and Dr. Adrià Rovira García   
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Contents

1. Review of GNSS measurements.
2. Linear combinations of measurements.
3. Carrier cycle-slips detection.
4. Carrier smoothing of code pseudorange.
5. Code Multipath.
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GPS SIGNAL STRUCTURE

P(Y)

C/A

P(Y)

1227.6 MHz
L2

1575.42 MHz
L1

• C/A-code for civilian users [XC(t)]
• P-code only for military and authorized 

users [XP(t)]
• Navigation message with satellite 

ephemeris and clock corrections [D(t)]

Two carriers in L-band:
• L1=154·fo=1575.42 MHz
• L2=120·fo=1227.60 MHz
where fo=10.23 MHz

1 1 1

2 2

( ) ( ) ( ) ( ) ( )
1 1

( ) ( ) ( )
2

( ) ( ) ( )sin( ) ( ) ( ) cos( )

( ) ( ) ( )sin( )

ω φ ω φ

ω φ

= + + +

= +

k k k k k
L P P L C C L

k k k
L P P L

S t a X t D t t a X t D t t

S t b X t D t t
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GPS Code Pseudorange Measurements

From hereafter we will call:
• C1 pseudorange computed from XC(t) binary code (on frequency 1)
• P1 pseudorange computed from XP(t) binary code (on frequency 1)
• P2 pseudorange computed from XP(t) binary code (on frequency 2)

C1,P1, P2

binary code XP(t)

P( ) ( ) ( )sat
recT c T c t T t T T = ∆ = − − ∆ 

∆T
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GPS Carrier Phase Measurements

From hereafter we will call:

• C1 pseudorange computed from XC(t) binary code (on frequency 1)
• P1 pseudorange computed from XP(t) binary code (on frequency 1)
• P2 pseudorange computed from XP(t) binary code (on frequency 2)

• L1 =λ1φ L1 measur. computed from the carrier phase on frequency 1
• L2 =λ2φ L2 measur. computed from the carrier phase on frequency 2

C1,P1, P2

Carrier phase

L1, L2

( ) ( ) ( )sat
L Lrec LT T T T

c T N

φ φ φ

λ

= − − ∆

= ∆ +

Carrier beat phase:

Unknown ambiguity
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Carrier and Code pseudorange measurements 

P1

P1 is basically the geometric range (ρ)  
between satellite and receiver, plus the 
relative clock offset.
The range varies in time due to the 
satellite motion relative to the receiver.

1

20.000
P clock offset

km
ρ≈ +

≈

P1 is an absolute measurement (unambiguous)

P1
P1= c ∆T= c [trec(T)-tsat(T-∆T)]
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Phase and Code pseudorange measurements 

Relative measurement
(shifted by the unknown ambiguity “λN”)

1 1 1ρ λ≈ + +L clock offset N

Each time that the receiver lose the 
phase lock, the unknown ambiguity 
changes by an integer number of ”λ”

1 1 1L c T Nλ= ∆ +
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Code and Carrier Phase measurements

Carrier Phase (ambiguous but precise)

Code  (unambiguous but noisier)

Ambiguity
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GPS measurements: Code and Carrier Phase

Main 
characteristics

σ noise

(1% of λ) [*]
Wavelength
(chip-length)GPS signal

2 mm
2 mm

30 cm
30 cm 

3 m

24.45 cmL2

Precise 
but ambiguous

19.05 cmL1

Phase measurements
30 mP2 (Y2): encrypted
30 mP1 (Y1): encrypted

Unambiguous 
but noisier

300 mC1

Code measurements

[*] the codes can be smoothed with the phases in order to reduce noise
(i.e, C1 smoothed with L1  50 cm noise)

Antispoofing (A/S): 
The code P is encrypted to Y. 
 Only the code C at  

frequency L1 is available. 

10

∆
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RINEX FILES
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sat sat sat
rec rec recTrop Ion K Kδ ε= + + + +∑

Pseudorange modeling

( )sat sat sat
rec rec recP c dt dtρ δ= + ⋅ − + ∑

P= c ∆T= c [trec(T)-tsat(T-∆T)]

sat
recP ∑δ

Geometric range Clock offsets

Tropospheric delay
noise

Instrumental delays
Ionospheric delay
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Exercise 1:

Exercise:

a) Using the file coco0090.97o, generate the “txt” file 
95oct18casa.a (with data ordered in columns).

b)   Plot code and phase measurements for satellite PRN28 and 
discuss the results.

Resolution:
a)

b)  See next plots: 

gLAB_linux -input:cfg meas.cfg -input:obs coco0090.97o
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gLABRINEX file   txt file

An example of program to read the RINEX: gLAB

cambiar

The RINEX file is converted to a “columnar format” to easily plot its 
content and to analyze the measurements (the public domain free tool 
“gnuplot” is used in the book to make the plots).

sta Doy sec PRN  L1      L2      C1      P2
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Code measurements The geometry “ρ” is the 

dominant term in the 
plot. The pattern in the 
figures is due to the 
variation of “ρ” 

P1

P1

171 1 1 1 1( )sat sat sat sat sat sat
sta sta sta sta sta staP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +
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Similar plot for code 
measurements at f2.
Notice that

• Ionosphere (Ion) and
• Instrumental delays (K)

depend on frequency.

P2

18

Code measurements

2 2 2 2 2( )sat sat sat sat sat sat
sta sta sta sta sta staP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +
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2 2 2 2 2( )sat sat sat sat sat sat
sta sta sta sta sta staP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +

1 1 1 1 1( )sat sat sat sat sat sat
sta sta sta sta sta staP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +

1 1 1 1 1 1 1 1( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

2 2 2 2 2 2 2 2( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

Code measurements: C1,P1,P2

Phase measurements: L1,L2

;1
sat
staC

Code and Phase measurements

Phase Ambiguities
N1, N2 are integers

Wind Up

Frequency dependent

Ionosphere delays code and
advances phase measurements
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1 1 1 1 1 1 1 1( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

Carrier Phase measurements
The geometry “ρ” is the dominant 
term in the plot. The pattern in the 
figures is due to the variation of 
“ρ”.
The curves are broken when the 
receiver losses the lock (cycle-slip).

When a cycle-slip happens, the phase 
measurement “L” changes by un unknown 
integer number of cycles (N1)
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2 2 2 2 2 2 2 2( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

Carrier Phase measurements
The geometry “ρ” is the dominant 
term in the plot. The pattern in the 
figures is due to the variation of 
“ρ”.
The curves are broken when the 
receiver losses the lock (cycle-slip).

When a cycle-slip happens, the phase 
measurement “L” changes by un unknown 
integer number of cycles (N2)
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Contents

1. Review of GNSS measurements.
2. Linear combinations of measurements.
3. Carrier cycle-slips detection.
4. Carrier smoothing of code pseudorange.
5. Code Multipath.

22
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Linear Combinations of measurements:

• Geometry-free (or Ionospheric) combination.
• Ionosphere-Free combination.
• Wide-lane and Narrow-lane combinations.
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2 2 2 2 2( )sat sat sat sat sat sat
sta sta sta sta sta staP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +

1 1 1 1 1( )sat sat sat sat sat sat
sta sta sta sta sta staP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +

1 1 1 1 1 1 1 1( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

2 2 2 2 2 2 2 2( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

Code measurements: C1,P1,P2

Carrier measurements: L1,L2

;1
sat
staC

P 2
-P

1
L 1

-L
2

Carrier  Ambiguities

1. Geometry-free (or ionospheric) combination 

PI= P2 – P1=Iono+ctt

LI= L1 –L2= Iono+ctt+Ambig

Ambiguity
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GPS observables

Pi
j= c ∆t= c [trec(TR)-tems(TS)]

Ambiguity

• The pattern corresponds to the 
ionospheric refraction (Ion), because 
the other terms (K) are constant.

• Notice that code measurements are 
noisier.

1. Geometry-free (or ionospheric) combination 
PI= P2 – P1=Iono+ctt

LI= L1 –L2= Iono+ctt+Ambig



gAGE

@ J. Sanz & J.M. JuangA
G

E/
U

PC
 re

se
ar

ch
gr

ou
p

of
 A

st
ro

no
m

y
an

d 
G

eo
m

at
ic

s
Ba

rc
el

on
aT

EC
H

, S
pa

in

26

Ionospheric effects

The ionospheric refraction depends on:
• Geographic location
• Time of day
• Time with respect to solar cycle (11y)
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Ionosphere

∫=
][

][

),(
rGPSreceiver

tterGPStransmir
e drtrNSTEC






2

40.3Ion STEC
f

=

Ambiguity

The ionospheric delay (Ion) is 
proportional to the electron density 
integrated along the ray path (STEC)

Ionospheric effects
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Ionospheric-Free Combination

The ionospheric refraction depends on 
the inverse of the squared frequency
and can be removed up to 99.9%
combining f1 and f2 signals:

2
2

2
1

2
2

21
2

1

ff
PfPfPc

−
−

= 2
2

2
1

2
2

21
2

1

ff
LfLfLc

−
−

=

2. Ionosphere-free Combination (Pc,Lc)

2, 1( ) ( )Wsat sat sat sat sat sat sat sat
sta sta sta sta N sta c sta c N sta W sta cLc c dt dt Trop w b b N Nλ

λρ λ λ ν= + ⋅ − + + + + + − +

( )sat sat sat sat
sta sta sta sta cPc c dt dt Tropρ ε= + ⋅ − + +

• The ionospheric refraction has been removed in Lc and Pc
λN = 10.7 cm, λW =86.2cm

2

40.3Ion STEC
f

=

Note: Ksat cancels in Pc
and Ksta included in dtsta

1 2WN N N= −
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Comments:

Two-frequency receivers are needed to apply the 
ionosphere-free combination.

If a single-frequency receiver is used, a ionospheric
model must be applied to remove the ionospheric
refraction. The GPS navigation message provides the 
parameters of the Klobuchar model which accounts 
for more than 50% (RMS) of the ionospheric delay.
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Ionospheric-Free Combination3.- Narrow-lane (PN) and Wide-lane Combination (LW)

The wide-lane combination LW provides a signal with a large wave-length 
(λW=86.2cm ~ 4*λ1). This makes it very useful for detecting cycle- slips 
through the Melbourne-Wübbena combination: MW=LW – PN

1 1 2 2

1 2
N

f P f PP
f f

+
=

+
1 1 2 2

1 2
W

f L f LL
f f

−
=

−

The ambiguities NW are INTEGER Numbers!

w w w w w, w( )
sta sta

sat sat sat sat sat sat sat
W sta sta sta sta staL c dt dt Trop Ion b b Nρ λ ν= + ⋅ − + + + + + +

w( )
sta sta

sat sat sat sat sat sat
N sta sta sta sta N N NP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +

The same iono. and sign 

No wind-up
1 2WN N N= −

w w w w,sta sta

sat sat sat sat sat sat
sta W sta N sta N N sta MWMW L P b b K K Nλ ε= − = + − − + +

Melbourne-Wübbena combination

Hardware biases Integer Ambiguity
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@ J. Sanz & J.M. Juan
31

Exercises:

1) Consider the wide-lane combination of carrier phase measurements

,  where LW is given in length units  (i.e. Li= λi φi ).

Show that the corresponding wavelength is:

Hint:
LW= λW φW ;   φW = φ1 – φ2

2) Assuming L1, L2 uncorrelated measurements with equal noise σL, 
show that: 

1 2
W

c
f f

λ =
−

1 1 2 2

1 2
W

f L f LL
f f

−
=

−

2
12 1

12
212

1
;

1WL L
f
f

γ
σ σ γ

γ
+  

= =  
−  
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@ J. Sanz & J.M. Juan

Contents

1. Review of GNSS measurements.
2. Linear combinations of measurements.
3. Carrier cycle-slips detection.
4. Carrier smoothing of code pseudorange.
5. Code Multipath.

•32
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Detecting cycle-slips
This cycle-slip 
involves millions 
of cycles  it is 
easy to detect!!

There is a cycle-
slip of only one 
cycle (~20cm) 
How to detect it?
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Exercise:

a) Using the file 95oct18casa___r0.rnx, generate the “txt” file 
95oct18casa.a (with data ordered in columns).

b)   Insert a cycle-slip of “one wavelength” (19cm) in L1 
measurement at t=5000 s (and no cycle-slip in L2).

c)   Plot the measurements “L1, L1-P1, LC-PC, Lw-PN and L1-L2” 
and discuss which combination/s should be used to detect the 
cycle-slip.

Resolution:
a)
b) cat 95oct18casa.a | gawk ‘{if ($4==18)

print $3,$5,$6,$7,$8}’ > s18.org
cat s18.org | gawk ‘{if ($1>=5000) $2=$2+0.19;
printf “%s %f %f %f %f \n”, $1,$2,$3,$4,$5}’ > s18.cl

c)  See next plots:

gLAB_linux -input:cfg meas.cfg -input:obs 95oct18casa_r0.rnx
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L1 (without the cycle-slip)
L1 (with the cycle-slip)

1 1 1 1 1 1 1 1( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

The geometry “ρ” is the dominant term in the plot. The variation 
of “ρ” in 1 sec may be hundreds of meters, many times greater than 
the cycle-slip (19 cm)  the variation of ρ shadows the cycle-slip!

ρ

A jump of λ=19 cm (one cycle in L1) 
has been introduced in L1 at t=5000s

1 
un

it 
=

 1
9 

cm
(L

1 
cy

cl
es

)
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1 1 12sat sat sat
sta sta staL P Ion ctt ambig ε− = − + + +

36

L1-P1 (with the cycle-slip)

1 1 1 1 1 1 1 1( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

The geometry and clock offsets have been removed. 
The trend is due to the Ionosphere. The P1 code noise shadows 
the cycle-slip, and without the reference (in blue), the time where 
the cycle-slip happens could not be identified.

A jump of λ=19 cm (one cycle in L1) 
has been introduced in L1 at t=5000s

1 1 1 1 1( )sat sat sat sat sat sat
sta sta sta sta sta staP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +

1 
un

it 
=

 1
9c

m
1 

un
it 

=
 1

9 
cm

(L
1 
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)
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1 1 12sat sat sat
sta sta staL P Ion ctt ambig ε− = − + + +
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L1-P1 (with the cycle-slip)

1 1 1 1 1 1 1 1( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

The geometry and clock offsets have been removed. 
The trend is due to the Ionosphere. The P1 code noise shadows 
the cycle-slip, and without the reference (in blue), the time where 
the cycle-slip happens could not be identified.

A jump of λ=19 cm (one cycle in L1) 
has been introduced in L1 at t=5000s

1 1 1 1 1( )sat sat sat sat sat sat
sta sta sta sta sta staP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +

1 
un

it 
=

 1
9c

m
1 

un
it 

=
 1

9 
cm

(L
1 

cy
cl

es
)
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2, 1( ) ( )Wsat sat sat sat sat sat sat sat
sta sta sta sta N sta c sta c N sta W sta cLc c dt dt Trop w b b N Nλ

λρ λ λ ν= + ⋅ − + + + + + − +

sat sat
sta staLc Pc ctt ambig ε− = + +

38

LC-PC (without the cycle-slip)
LC-PC (with the cycle-slip)

A jump of λ=19 cm (one cycle in L1) 
has been introduced in L1 at t=5000s

( )sat sat sat sat
sta sta sta sta cPc c dt dt Tropρ ε= + ⋅ − + +

The geometry, clock offsets and iono have been removed. 
There is a constant pattern plus noise. The PC code noise also shadows 
the cycle-slip, and without the reference (in blue), the time where the 
cycle-slip happens could not be identified.

1 
un

it 
=

 1
0.

7 
cm
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sat sat
I sta I staL P ctt ambig ε− = + +
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LI-PI (without the cycle-slip)
LI-PI (with the cycle-slip)

1 1 2 2 1 2( )
sta

sat sat sat sat sat
I sta I I I sta sta sta IL Ion b b N N wλ λ λ λ ν= + + + − + − +

A jump of λ=19 cm (one cycle in L1) 
has been introduced in L1 at t=5000s

sat sat
I sta I I sta I IP Ion K K ε= + + +

The geometry, clock offsets and iono have been removed. 
There is a constant pattern plus noise. The PI code noise also shadows 
the cycle-slip, and without the reference (in blue), the time where the 
cycle-slip happens could not be identified.

1 
un

it 
=

 5
.4
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m
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sat sat
W sta N staL P ctt ambig ε− = + +

40

Lw-PN (without the cycle-slip)
Lw-PN (with the cycle-slip)
Melbourne Wübbena Combination

w w w w w w( )
sta sta

sat sat sat sat sat sat sat
W sta sta sta sta staL c dt dt Trop Ion b b Nρ λ ν= + ⋅ − + + + + + +

The geometry, clock offsets and iono have been removed. 
There is a constant pattern plus noise. The PN code noise is under one 
cycle of Lw. Thence, the cycle-slip is clearly detected

A jump of λ=19 cm (one cycle in L1) 
has been introduced in L1 at t=5000s

w w w( )
sta sta

sat sat sat sat sat sat
N sta sta sta sta NP c dt dt Trop Ion K Kρ ε= + ⋅ − + + + + +

1 
un

it 
=

 8
6.

2c
m

1 
un

it 
=

 8
6.

2 
cm

(L
w

 c
yc

le
s)

Note: Data set 
collected under 
A/S=off.
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1, 2, 1, 2,
sat sat sat sat

sta sta sta staL L Ion Ion ctt ambig ε− = − + + +
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LI (without the cycle-slip)
LI (with the cycle-slip)
Geometry-Free CombinationA jump of λ=19 cm (one cycle in L1) 

has been introduced in L1 at t=5000s

The geometry and clock offsets have been removed. 
The trend is due to the Iono. The LI carrier noise is few mm, 
and the variation of the ionosphere in 1 second is lower than λ1 =19 cm 
Thence, the cycle-slip is detected.

1 2( )wλ λ− <<

1 1 1 1 1 1 1 1( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

2 2 2 2 2 2 2 2( )sat sat sat sat sat sat sat sat
sta sta sta sta sta sta sta staL c dt dt Trop Ion b b N wρ λ λ ν= + ⋅ − + − + + + + +

1 
un

it 
=

 5
.4

 c
m

ε ~mm
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LI-PI LC-PC

L1
L1-P1

Summary 
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LI Lw-PN

L1 L2

Two independent combinations, LI and Lw, allow to detect 
two independent cycle-slips  (in L1 and L2 phase measur.).

Notice that, from L1, L2 is not possible to detect small cycle-slips 

Melbourne Wübbena CombinationGeometry Free Combination

The cycle-slips are detected by the Ionospheric combination 
(LI=L1-L2) and the Melbourne Wübbena (MW=Lw-PN)
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Summary of Cycle-slip detectors

COMBI
NATION MEAS Combination Noise (σ) λ σ/λ

L1-P1 -2·Ion+K+λ1·N1 σL1-P1 ≈·σP1 =30 cm λ1=19.0 cm 1.58

Lc-Pc kc+λN·Rc σLC-PC ≈·σPC =2.98 σP = 89 cm λN = 10.7 cm 8.32

LI-PI kI+λ1·N1 -λ2·N2 σLI-PI ≈·σPI =√2 σP =42 cm λ2-λ1=5.4 cm 7.78

LW-PN λW·Nw σLW-PN ≈·σPN = σP /√2 =21 cm λW=86.2 cm 0.25

LI Ion+kI+λ1·N1 -λ2·N2 σLI =√2 σL1 =3 mm λ2-λ1=5.4 cm 0.06
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1. Review of GNSS measurements.
2. Linear combinations of measurements.
3. Carrier cycle-slips detection.

3.1  Cycle-slip Detection Algorithms

45



gAGE

@ J. Sanz & J.M. JuangA
G

E/
U

PC
 re

se
ar

ch
gr

ou
p

of
 A

st
ro

no
m

y
an

d 
G

eo
m

at
ic

s
Ba

rc
el

on
aT

EC
H

, S
pa

in

( ; ) ( ; )IL s k p s k threshold− >

( ; )p s k

( ; )p s k

( ; )IL s k

( ; )IL s k

Cycle-slip detector based on carrier phase data: 
The Geometry-free combination 

[ ]( ; ), , ( ; 1)I I IL s k N L s k− −

1 2( ; ) ( ; )IL L s k L s k= − The detection is based on fitting a 
second order polynomial over a 
sliding window of NI samples.
The predicted value is compared with 
the observed one to detect cycle-slip.
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( ; )IL s k

( ; )p s k

Carrier 
measurements

Fitted Polynomial

Under not disturbed ionospheric conditions, 
the geometry-free combination performs as a 
very precise and smooth test signal, 
driven by the ionospheric refraction.
Although, for instance, the jump produced by 
a simultaneous one-cycle slip in both signals 
is smaller in this combination than in the 
original signals (λ2-λ1=5.4cm), it can provide 
reliable detection even for small jumps 
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W W N W WB L P Nλ ε= − = +

Cycle-slip detector based on code and carrier phase 
data:  The Melbourne-Wübbena combination 

The detection is based on real-time 
computation of mean (mBW) and sigma (SBW) 
values of the measurement test data Bw.

A cycle-slip is 
declared when 
the measurement 
differs form the 
mean value by a 
predefined 
number of 
standard 
deviations (SBW)
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Moving average

Threshold
Moving sigma

The Melbourne-Wübbena 
combination has a double 
benefit:
• The enlargement of the 
ambiguity spacing, thanks to 
the larger wavelength 
λW=86.2cm.
• The noise is reduced by 
the narrow-lane combination 
of code measurement

Nevertheless, in spite of these 
benefits, the performance is 
worse than in the previous 
carrier-phase-only based 
detector and it is used as a 
secondary test. 

Cycle-slip detection
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Exercises:

1) Show that 
produces jumps of few millimetres in the geometry-free combination. 

2) Show that no jump happens in the geometry-free combination when
. In particular when ∆N1=77 and ∆N2=60  the 

jump in the wide-lane combination is: 17λW = 15m

1 29  and 7N N∆ = ∆ =

1 2/ 77 / 60N N∆ ∆ =

Hint: Consider the following relationships  (from [RD-1]):
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Example of Single frequency Cycle-slip detector

1 1( ; ) ( ; ) ( ; )d s k L s k P s k= −

( )1P ( )1L

The detection is based on 
real-time computation of 
mean and sigma values of 
the differences (d=L1-P1) of 
the code pseudorange and 
carrier over a sliding window 
of N samples (e.g. N=100).
A cycle-slip is declared when 
a measurement differs from 
the mean bias value over a 
predefined threshold.

Missed detection
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This detector is affected by the 
code pseudorange noise and 
multipath as well as the 
divergence of the ionosphere. 
Higher sampling rate improves 
detection performance, but 
smalest jumps can still escape 
from this detector. 
On the other hand, a minimum 
number of samples is needed 
for filter initialization in order to 
ensure a reliable value of sigma 
for the detection threshold

More details, exercises  and examples 
of software code implementation of 
these detectors can be found in    
[RD-1] and [RD-2].

Cycle-slip detection
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1. Review of GNSS measurements.
2. Linear combinations of measurements.
3. Carrier cycle-slips detection.
4. Carrier smoothing of code pseudorange.
5. Code Multipath.

53
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Carrier smoothing of code pseudorange
The noisy (but unambiguous) code pseudorange can be smoothed with 
the precise (but ambiguous) carrier. A simple algorithm is given next:
Hatch filter:

( )1 1ˆ ˆ( ) ( ) ( 1) ( ) ( 1)

ˆwhere (1) (1) and
;
;

nP k P k P k L k L k
n n
P P

n k k N
n N k N

−
= + − + − −

=
= <
= ≥

This algorithm can be interpreted as a real-time alignment of the 
carrier phase with the code measurement:

( ) ( )

1 1ˆ ˆ( ) ( ) ( 1) ( ) ( 1) ( )
k

nP k P k P k L k L k L k P L
n n

−
= + − + − − = + −
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This algorithm can be interpreted as a real-time alignment of the 
carrier phase with the code measurement:

( ) ( )

1 1ˆ ˆ( ) ( ) ( 1) ( ) ( 1) ( )
k

nP k P k P k L k L k L k P L
n n

−
= + − + − − = + −

P L−

P

L
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( ) ( )

1 1ˆ ˆ( ) ( ) ( 1) ( ) ( 1) ( )
k

nP k P k P k L k L k L k P L
n n

−
= + − + − − = + −

P L−

P

L

P̂

ZOOM
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P L−

P

L

P̂

( ) ( )

1 1ˆ ˆ( ) ( ) ( 1) ( ) ( 1) ( )
k

nP k P k P k L k L k L k P L
n n

−
= + − + − − = + −
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Time varying ionosphere induces a bias in the single frequency (SF) 
smoothed code when it is averaged in the smoothing filter (Hatch filter). 
Let:

1 1 1

1 1 1 1

ρ ε
ρ ς

= + +
= − + +

P I
L I B

1I
ρ

1B

1 1,ε ς

Where     includes all non dispersive terms (geometric range, 
clock offsets, troposphere) and    represents the frequency 
dependent terms (ionosphere and DCBs).     is the carrier 
ambiguity, which is constant along continuous carrier phase 
arcs and          account for code and carrier multipath and 
thermal noise.thence,

1 1 1 1 12P L I B ε− = − +
12 :  Code-carrier divergence⇒ I

Substituting             in Hatch filter equation1 1−P L

1 1 1
ˆ ρ υ⇒ = + + +IP I bias

where, being  the ambiguity term     a constant bias, 
thence                , and cancels in the previous expression.   

1B
( )1 1k

B B≈

( )
1 1 1 1( ) ( )

1 1 1( )

ˆ ( ) ( ) ( ) ( ) 2

( ) ( ) 2 ( )

k k

k

P k L k P L k I k B I B

k I k I I k

ρ

ρ

= + − = − + + − =

= + + −

where      is the noise term 
after smoothing.

1υ

Code-carrier divergence: SF smoother

Ibias
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N=3600 s
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Halloween storm
Data File: amc23030.03o_1Hz

N=100 (i.e. filter smoothing time constant τ=100 sec).

STEC
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Image from 

STEC

[*] Ionospheric Threat Parameterization for Local Area Global-Positioning-
System-Based Aircraft Landing Systems, Datta-Barua et al, Journal of Aircraft 
Vol. 47, No. 4, July–August 2010, DOI: 10.2514/1.46719

Halloween storm
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Divergence-Free (Dfree) smoother:
With two frequency carrier measurements a combination of carriers 
with the same ionospheric delay (the same sign) as the code can be 
generated:

1 1 1

1, 1 1, 1,DF DF DF

P I
L I B

ρ ε
ρ ς

= + +
= + + +

Thence,

( )1, 1 1 1 2 1 1, 1,2DF DF DFL L L L I Bα ρ ς= + − = + + +

1, 1 12
ˆ

DFP Iρ υ⇒ = + +
1 1, 1, 1DF DFP L B ε− = +

Code-carrier divergence!No⇒

With this new combination we have:

2
2

1 2 2
1 2

2

1 1.545
1

77
60

f
f f

α
γ

γ

= = =
− −

 =  
 

This smoothed code is immune to temporal 
gradients (unlike the SF smoother), being 
the same ionospheric delay as in the 
original raw code (i.e. I1). Nevertheless, as 
it is still affected by the ionosphere, its 
spatial decorrelation must be taken into 
account in differential positioning.

Carrier-smoothed pseudorange: DFree
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Ionosphere-Free (Ifree) smoother:
Using both code and carrier dual-frequency measurements, it is possible 
to remove the frequency dependent effects using the ionosphere-free 
combination of code and carriers (PC and LC). Thence:

C

C C

C P

C L L

P

L B

ρ ε

ρ υ

= +

= + +

Thence,

ˆ ˆ
IFree C IFreeP P ρ υ⇒ ≡ = +CC C C PP L B ε− = +

277
60

γ  =  
 

1 2 1 2;
1 1IFree C IFree C

P P L LP P L Lγ γ
γ γ

− −
≡ = ≡ =

− −

This smoothed is based on the ionosphere-free combination of 
measurements, and therefore it is unaffected by either the spatial and 
temporal inospheric gradients, but has the disadvantage that the noise 
is amplified by a factor 3 (using the legacy GPS signals).

Carrier-smoothed pseudorange: IFree

1 1

2 1 3
1Pc P P

γ
σ σ σ

γ
+

= ≈
−
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Vertical range: [-15:15]Vertical range: [-5 : 5]
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C1, L1 PC, LC

N=100 N=100

Exercise:

Justify that the ionosphere-free 
combination (PC) is (obviously) not 
affected by the code-carrier 
divergence, but it is 3 times noisier. 

STEC
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N=100 N=100

N=360 N=360

C1, L1 PC, LC
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C1, L1 PC, LC

N=3600 N=3600

N=360 N=360



gAGE

@ J. Sanz & J.M. JuangA
G

E/
U

PC
 re

se
ar

ch
gr

ou
p

of
 A

st
ro

no
m

y
an

d 
G

eo
m

at
ic

s
Ba

rc
el

on
aT

EC
H

, S
pa

in

70

Halloween storm
Data File: amc23030.03o_1Hz

N=100 (i.e. filter smoothing time constant τ=100 sec).

STEC
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Contents

1. Review of GNSS measurements.
2. Linear combinations of measurements.
3. Carrier cycle-slips detection.
4. Carrier smoothing of code pseudorange.
5. Code Multipath.
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Multipath
One or more reflected signals reach the antenna in addition 
to the direct signal. Reflective objects can be earth surface 
(ground and water), buildings, trees, hills, etc.

It affects both code and carrier phase measurements, and it 
is more important at low elevation angles.  

Code: up to 1.5 chip-length  up to 450m for C1 [theoretically]
Typically: less than 2-3 m.

Phase: up to λ/4  up to 5 cm for L1 and L2 [theoretically]
Typically: less than 1 cm

Butterfly shape
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Exercise
Plot code and phase geometry-free combination for satellite PRN 15 
of file 97jan09coco_r0.rnx and discuss the results.

Butterfly shape:
High multipath for low elevation rays (when satellite rises and sets)
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PcM Pc Lc= −
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PcM Pc Lc= −
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= −MW N WM P L
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= −MW N WM P L
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After one year, the directions of the Sun and Aries coincide again, but 
the number of laps relative to the Sun (solar days) is one less than 
those relative to Aries (sidereal days).

m s24h 3 56
365.2422

=

Thus, a sidereal day is shorter than a solar day for about 3m 56s

Aries Point direction
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GPS standalone (C1 code)

Receiver noise and multipath

10,000 €
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GPS standalone (C1 code)

Same environment!

100 €

Receiver noise and multipath
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Thank you
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Backup
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Rewriting GNSS equations: 
Combinations of Measurements 

Written in a Closed Form

See more details in 
J. Sanz Subirana, J.M. Juan Zornoza, M. Hernández-Pajares, GNSS Data processing. 
Volume 1: Fundamentals and Algorithms. ESA TM-23/1. ESA Communications, 2013.
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Ionosphere-free comb.

Notation in book
P  RPf or R
L  ΦLf or Φ

Both, Ionosphere and Code-Instrumental-Delay, will cancel in the Iono.-Free combination!
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Notation in book
P  RPf or R
L  ΦLf or Φ
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The frequency dependent terms 
Iono. and Code-Instrum.-Delay  

appear always together
with a frequency dependent coef.

Both, Iono. and Code-Instrum.-delay, 
cancel in the Iono-Free combination.
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The frequency dependent terms 
Iono. and Code-Instrum.-Delay  

appear always together
with a frequency dependent coef.
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