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Lecture 8

Solving navigation equations

Professors: Dr. J. Sanz Subirana, Dr. J.M. Juan Zornoza 
and Dr. Adrià Rovira García   
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Linear observation model and parameter estimation
1. Navigation Equations System
2. Least Squares solution (conceptual view)
3. Weighted Least Squares and Minimum Variance estimator

Example of solution computation
4. Kalman Filter (conceptual view)

Examples of static and kinematic positioning
5. Predicted accuracy (DOP)
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Introduction: Linear model and Prefit-residuals

Unknowns:
- Receiver position: r = (x, y, z)
- Receiver clock offset: dT

Input:
- Pseudoranges (receiver-satellite j): Ps
- Navigation message. In particular:

• Satellites position when transmitting signal: rs = (xs, ys, zs)
• Offsets of satellite clocks: dts
(satellites = 1, 2,…n)     (n>=4)

rsr

Ps
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• GNSS uses technique of “triangulation” to find user location

• To “triangulate” a GNSS receiver needs:
• To know the satellite coordinates and clock synchronism errors:

 Satellites broadcast orbits parameters and clock offsets.

• To measure distances from satellites: 
 This is done measuring the traveling time of radio signals: 

(“Pseudo-ranges”: Code and Carrier measurements)
Measurements must be corrected by several error sources:

Atmospheric propagation, relativity, clock offsets, instrumental delays…  

GNSS positioning concept

This picture is from https://gpsfleettrackingexpert.wordpress.com

To know 
satellite 
coordinates
& clock 
offset

To measure 
distances 

from 
satellites Carrier

measurement

Code
measurement

ρ

51 1 11 ( )sat sat sat sat sat sat
rec rec rec rec rec recC c dt dt Trop Ion K TGDρ ε= + ⋅ − + + + + +
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This picture is from https://gpsfleettrackingexpert.wordpress.com

Distances 
ρ  from 

satellites

( ),0 11 [modelled]sat sat sat sat sat sat sat
rec rec rec recC c dt rel Trop Ion TGDρ= − + ∆ + + +
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0, 0, 0,=    ;   =    ;   rec rec rec rec rec rec rec rec recx x x y y y z z z∆ − ∆ − ∆ = −

For each satellite in view Iono+Tropo+TGD…

1 ( )sat sat sat
rec rec rec kC c dt dtρ δ ε= + ⋅ − + +∑

( )0, 0, 0,
0,

0, 0, 0,

sat sat sat
rec rec recsat sat

rec rec rec rec rec ksat sat sat
rec rec rec

x x y y z z
x y z c dt dtρ δ

ρ ρ ρ
− − −

= + ∆ + ∆ + ∆ + − + ∑

where:

measurement computed unknown

0, 0, 0,
0,

0, 0, 0,

1
sat sat sat

rec rec recsat sat sat
rec rec k rec rec rec recsat sat sat

rec rec rec

x x y y z z
C c dt x y z c dtρ δ

ρ ρ ρ
− − −

− + − = ∆ + ∆ + ∆ +∑

Linearising ρ around an ‘a priori’ receiver position  0, 0, 0,( , , )rec rec recx y z

Prefit-residuals (Prefit)
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1 1 1
0, 0, 0,

1 1 1
0, 0, 0,1

2 2 2
0, 0, 0,2

2 2
0, 0, 0,

                1

          
   

........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat
rec rec r

n

x x y y z z

Prefit
x x y y z z

Prefit

Prefit

ρ ρ ρ

ρ ρ ρ

− − −

 
− − − 

  = 
 
  

2

0, 0, 0,

0, 0, 0,

      1
   

..........

                1

rec

recsat
ec

rec

recsat n sat n sat n
rec rec rec

sat n sat n sat n
rec rec rec

x
y
z

c dt
x x y y z z

ρ ρ ρ

 
 
  ∆  

   ∆  
 ∆ 
  
  − − − 

  

  

rec

rec

rec

rec

x
y
z

c dt

∆ 
 ∆ 
 ∆
 
 

1

2

........
n

Prefit
Prefit

Prefit

 
 
 
 
 
  

Observations
(measured-computed)

Unitary Line-Of-Sight 
vector from receiver 
to satellite

0ˆ sat
recρ

0

0

T sat n
rec

sat n
recρ

−
ρ

Geometry of rays

For all sat. 
in view

0
0 1

0

ˆ
T sat n

recT sat n
rec sat

recρ
≡
ρ

ρ
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1 1 1
0, 0, 0,

1 1 1
0, 0, 0,1

2 2 2
0, 0, 0,2

2 2
0, 0, 0,

                1

          
   

........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat
rec rec r

n

x x y y z z

Prefit
x x y y z z

Prefit

Prefit

ρ ρ ρ

ρ ρ ρ

− − −

 
− − − 

  = 
 
  

2

0, 0, 0,

0, 0, 0,

      1
   

..........

                1

rec

recsat
ec

rec

recsat n sat n sat n
rec rec rec

sat n sat n sat n
rec rec rec

x
y
z

c dt
x x y y z z

ρ ρ ρ

 
 
  ∆  

   ∆  
 ∆ 
  
  − − − 

  

  

rec

rec

rec

rec

x
y
z

c dt

∆ 
 ∆ 
 ∆
 
 

1

2

........
n

Prefit
Prefit

Prefit

 
 
 
 
 
  

Observations
(measured-computed)

Geometry of rays

(x,y,z) coordinates

1 1 1 1 1 1

2 2 2 2 2 2

cos sin cos cos sin 1
cos sin cos cos sin 1

      
........ ..........

cos sin cos cos sin 1

rec

rec

rec

n n n n n n
rec

ePrefit el az el az el
nPrefit el az el az el
u

c dtPrefit el az el az el

    ∆− − − 
    ∆− − −   =    ∆
   
  − − −     




 
 
 



11
0

22
0

0

ˆ 1

ˆ 1
      

........ .... ...
ˆ 1

T sat
rec

T sat
recrec

rec

n T sat n
rec

Prefit
Prefit

c dt

Prefit

 − 
  

∆−     =        
   −   

ρ

rρ

ρ

0ˆT sat n
rec−ρ

(e,n,u) coordinates
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From ECEF (x,y,z) to Local (e,n,u) coordinates

Backup
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Of course, receiver coordinates                     are not known (they are 
the target of this problem). But, we can always assume that an 
“approximate position                          is known”.( )0, 0, 0,, ,rec rec recx y z

( ), ,rec rec recx y z

Thence, the navigation problem will consist on:
1.- To start from an approximate value for receiver position

( e.g. the Earth’s centre ) to linearise the equations
2.- With the pseudorange measurements and the navigation 

equations, compute the correction to have 
improved estimates:

3.- Linearise the equations again, about the new improved estimates, 
and iterate until the change in the solution estimates is sufficiently 
small.

( )0, 0, 0,, ,rec rec recx y z

( ), ,rec rec recx y z∆ ∆ ∆

COMMENTS:

( ) ( ) ( )0, 0, 0,, , , , , ,rec rec rec rec rec rec rec rec recx y z x y z x y z= + ∆ ∆ ∆

11

1 1 1
0, 0, 0,

1 1 1
0, 0, 0,1

2 2 2
0, 0, 0,2

2 2
0, 0, 0,

                1

          
   

........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat
rec rec r

n

x x y y z z

Prefit
x x y y z z

Prefit

Prefit

ρ ρ ρ

ρ ρ ρ

− − −

 
− − − 

  = 
 
  

2

0, 0, 0,

0, 0, 0,

      1
   

..........

                1

rec

recsat
ec

rec

recsat n sat n sat n
rec rec rec

sat n sat n sat n
rec rec rec

x
y
z

c dt
x x y y z z

ρ ρ ρ

 
 
  ∆  

   ∆  
 ∆ 
  
  − − − 
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Thence, the basic linearized GPS measurement 
equation can be written as:

=y G xy x
This is a linear system with, in general,             equations which we can 
solve using LS, WLS, Kalman filter,…  

4n ≥

For all sat. 
in view

1 1 1
0, 0, 0,

1 1 1
0, 0, 0,1

2 2 2
0, 0, 0,2

2 2
0, 0, 0,

                1

          
   

........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat
rec rec r

n

x x y y z z

Prefit
x x y y z z

Prefit

Prefit

ρ ρ ρ

ρ ρ ρ

− − −

 
− − − 

  = 
 
  

2

0, 0, 0,

0, 0, 0,

      1
   

..........

                1

rec

recsat
ec

rec

recsat n sat n sat n
rec rec rec

sat n sat n sat n
rec rec rec

x
y
z

c dt
x x y y z z

ρ ρ ρ

 
 
  ∆  

   ∆  
 ∆ 
  
  − − − 

  

  

rec

rec

rec

rec

x
y
z

c dt

∆ 
 ∆ 
 ∆
 
 

1

2

........
n

Prefit
Prefit

Prefit

 
 
 
 
 
  

Observations
(measured-computed)

Geometry of rays
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Linear observation model and parameter estimation
1. Navigation Equations System
2. Least Squares solution (conceptual view)
3. Weighted Least Squares and Minimum Variance estimator

Example of solution computation
4. Kalman Filter (conceptual view)

Examples of static and kinematic positioning
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xxi

yi

y

1 1

2 2

N N

x y
x y
x y

x y
 

Least Squares solution  (conceptual review)
As a driving problem, let us consider the problem of fitting a set of 
points (noisy measurements) to a straight line  y=mx+n.

1 1

2 2

N N

y m x n
y m x n

y m x n

≈ +
 ≈ +


 ≈ +



1 1

2 2

1
1

1N N

y x
y x m

n
y x

   
        ⇒ = + ⇒      
   
   

ε
 

= +y G p ε
1N × 2N × 2 1×
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This is an over-determined (incompatible) system of equations 
(due to the measurement noise ε).
It is evident that there is no straight line passing over all the data 
points (red points). Thence, we have to look for a solution that 
fits the measurements best in some sense.

xxi

yi

y

1−= ⇒ =y G p p G y

Note that, as G is not an squared 
matrix (N>2), we cannot try:

1ˆ ( )T T T T−= ⇒ =G y G G p p G G G y

But, GTG is a squared (N x N) 
matrix, thence, we can try:

1 1

2 2

N N

y m x n
y m x n

y m x n

≈ +
 ≈ +


 ≈ +



1 1

2 2

1
1

1N N

y x
y x m

n
y x

   
        ⇒ = + ⇒      
   
   

ε
 

= +y G p ε
1N × 2N × 2 1×
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Results from Linear Algebra:

1) The columns of matrix G are linearly independents.

2)
where   

1( )  T −∃ ⇔G G

( )21

1

ˆ ˆ ˆ( ) min min
N

T T
i i

i
y y−

=

 = ⇔ − = − 
 
∑p G G G y y y

ˆˆ =y G p

x

yi

y

xi

ˆiy

But, what is the physical meaning 
of the least square solution?
What does it mean the condition

( )2

1

ˆ ˆmin min
N

i i
i

y y
=

 − = − 
 
∑y y

Least Squares 
solution

?
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x

yi

y

xi

ˆiy
ˆi iy y−

What is the physical meaning of the least square solution?  
What does it mean to minimize

( )2

1

ˆ ˆmin min
N

i i
i

y y
=

 − = − 
 
∑y y ?
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x

yi

y

xi

ˆiy

( )2

1

ˆmin
N

i i
i

y y
=

 − 
 
∑

The Least Squares solution gives the solution of equilibrium
of the following physical system, in which the red dots (i.e. data 
points) are attached to the straight line by springs that can only 
move in the direction of the y axis.
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x

yi

y

xi

ˆiy

( ) ( )2

1

ˆmin min
N

TOTAL i i
i

V y y
=

 ⇒ − 
 
∑

Indeed, the equilibrium solution is reached when the Total 
Potential Energy of the system is the minimum. That is, 
assuming the same spring constant k: ( )221 1 ˆ

2 2i i i iV k y k y y= ∆ = −

( )2

1

1 ˆ
2

N

TOTAL i i
i

V k y y
=

= −∑

k

k
k

k k

k
k

k

k

( )2 1

1

ˆˆ ˆmin min ( )
N

T T
i i

i
y y −

=

 − = − ⇔ = 
 
∑y y p G G G y
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=y G x
• Least Squares solution:

( ) 1
ˆ t t−

=x G G G y

Let be the basic linearized GPS measurement equation:

• Weighted Least Squares solution

( )
2 2ˆ ˆmin min

ˆ ˆ

i i
i

Y Y y y

Y AX

 − = −  

=

∑

The same error is assumed in all measurements

( ) 1
ˆ t t−

=x G W G G Wy

If the measurements have different errors, 
the equations can be weighted by matrix W :

1
0

0
n

y

y

w

w

 
 

=  
 
 

W 

And the weighted least squares solution is: Uncorrelated errors are assumed

( )22ˆ ˆmin min

ˆ ˆ

i i i
i

w y y − = −  
=

∑W
y y

y G x
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x

yi

y

xi

ˆiy

( ) ( )2

1

ˆmin min
N

TOTAL i i i
i

V w y y
=

 ⇒ − 
 
∑

Weighted Least Squares solution: 
The same, but assuming different spring constants wi:

( )221 1 ˆ
2 2i i i i i iV w y w y y= ∆ = −

( )2

1

1 ˆ
2

N

TOTAL i i i
i

V w y y
=

= −∑

2w

1w
iw jw

Nw

( )2 1

1

ˆˆ ˆmin min ( )
N

T T
i i iW

i
w y y −

=

 − = − ⇔ = 
 
∑y y p G WG G Wy
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Linear observation model and parameter estimation
1. Navigation Equations System
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=y G x
• Least Squares solution:

( ) 1
ˆ t t−

=x G G G y

Let be the basic linearized GPS measurement equation:

• Weighted Least Squares solution

( )
2 2ˆ ˆmin min

ˆ ˆ

i i
i

Y Y y y

Y AX

 − = −  

=

∑

The same error is assumed in all measurements

( ) 1
ˆ t t−

=x G W G G Wy

If the measurements have different errors, 
the equations can be weighted by matrix W :

1
0

0
n

y

y

w

w

 
 

=  
 
 

W 

And the weighted least squares solution is: Uncorrelated errors are assumed

( )22ˆ ˆmin min

ˆ ˆ

i i i
i

w y y − = −  
=

∑W
y y

y G x
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Assuming that measurements Y have 
random errors with zero mean and 
variance σ2, and assuming that error sources 
for each satellite are uncorrelated with  
error sources for any other satellite, the 
following weighted matrix may be used: 

1

2

2

1/ 0

0 1/
n

y

y

σ

σ

 
 

=  
 
 

W 

Best Linear Unbiased Minimum Variance Estimator (BLUE):
Let be “Py “ the error covariance matrix for measurements y.
If the weighting matrix is taken as  W=Py

-1 , thence the 
Minimum Variance Solution is found:

( ) 11 1ˆ t tx
−− −= y yG P G G P y

And the error covariance matrix 
for the estimation X is: ( ) 11

ˆ
t −−=x yP G P G

1−= yW P

2

1

i

i
y

w
σ

=
2

iy iwσ ↑ ⇒ ↓
greater error  less weight •-�σ �σ

�σ•Dt•= 300Km= 1msecσ+σ−
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Linear observation model and parameter estimation
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2. Least Squares solution (conceptual view)
3. Weighted Least Squares and Minimum Variance estimator

Example of solution computation
4. Kalman Filter (conceptual view)
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5. Predicted accuracy (DOP)
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( ) ( ) ( )
ˆ ( ) ( )

n n n
n n−

=


=

y G x
x x

Let’s assume, that we have the 
prediction          , with    thence, 
it can be used to add an 
additional set of equations
to the measurement equation 
y= G x

ˆ ( )n−x ˆ ( )n−x
P

Kalman filtering:
It is based on computing the weighted average between:
• the measurement Y(n) (i.e., at t = tn)

• the prediction of the state X(n), from previous estimationˆ ( )n−x ˆ ( 1)n −x

( )ny

( ) ( )
( )

ˆ ( )
n n

n
n−

   
=   

  

y G
x

Ix

1
( )

ˆ ( )

0

0
n

n−

−
 
 =
 
 

y

x

R
W

P

1.  Weighted average:
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( ) ( ) ( )
ˆ ( ) ( )

n n n
n n−

=


=

y G x
x x

Let’s assume, that we have the 
prediction          , with    thence, 
it can be used to add an 
additional set of equations
to the measurement equation 
y= G x

ˆ ( )n−x ˆ ( )n−x
P

Kalman filtering:
It is based on computing the weighted average between:
• the measurement Y(n) (i.e., at t = tn)

• the prediction of the state , from previous estimationˆ ( )
ˆ ( ),

n
n −

−
x

x P ˆ ( 1)ˆ ( 1), nn −− xx P

( ) ( )
( )

ˆ ( )
n n

n
n−

   
=   

  

y G
x

Ix

1
( )

ˆ ( )

0

0
n

n−

−
 
 =
 
 

y

x

R
W

P

1.  Weighted average:

( )( ), nn yy R
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( ) ( )
( )

ˆ ( )
n n

n
n−

   
=   

  

y G
x

Ix

1
( )

ˆ ( )

0

0
n

n−

−
 
 =
 
 

y

x

R
W

P

And the following solution of the previous equation system can be 
found with some elemental algebraic manipulations:

( ) 11 1ˆ t t−− −= y yx G P G G P y

( ) 11
ˆ

t −−=x yP G P G

( )

( )

1 1
ˆ ( ) ˆ ( )

1
1 1

ˆ ( ) ˆ ( )

ˆ ˆ( ) ( ) ( ) ( )

( ) ( )

n

n

t
n n

t
n n

n n n n

n n

−

−

− − −

−
− −

 = + 

 = + 

y

y

x x

x x

x P G R y P x

P G R G P
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2.- Prediction

Scalar case:

Let’s           be the state at epoch n-1 with variance 

The simplest prediction model is to assume that the prediction
at epoch n is proportional to the state at  epoch n-1. That is:

Thence, existing a linear relation between           and       , the 
variance of the prediction will be:

1ˆ ˆn nx xφ−
−=

1ˆnx − 1

2
ˆnxσ

−

1ˆnx − ˆnx−

1

2 2 2
ˆˆ nn
xx

σ φ σ−
−

=
1

2 2 2 2
ˆˆ nn
xx

qσ φ σ−
−

= +

An additional term is added to 
account for modeling error!
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Generalization to the vector case:

ˆ ( 1)ˆ ( )

ˆ ˆ( ) ( 1) ( 1)
( 1) ( 1) ( 1)t

nn

n n n
n n n−

−

−

= − ⋅ −

= − ⋅ ⋅ − + −xx

x Φ x
P Φ P Φ Q

1

1
2 2 2 2

ˆˆ

ˆ ˆ

nn

n n

xx

x x
q

φ
σ φ σ−

−

−
−=

= +

2
( )

2

( )
( )

( )
n

n

x n

x n
n

q n

φ
σ

→
→
→

→
x

x
Φ
P

Q

( ) :
( ) :
n transition matrix
n process noise matrix

Φ
Q
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Estimation

Kalman filter
Measurements

Prediction

Initialization

(see kalman.f)

1 1
ˆ ( ) ( ) ˆ ( )

1
1 1

ˆ ( ) ( ) ˆ ( )

ˆ ˆ( ) ( ) ( )t
n n n

t
n n n

n n n−

−

− − −

−
− −

 = ⋅ + 

 = + 

x y x

x y x

x P G R y P x

P G R G P

ˆ (0)

ˆ (0)

x

x
P

ˆ ( 1)ˆ ( )

ˆ ˆ( ) ( 1)
t

nn

n n

−

−

−

= −

= +xx

x Φx
P ΦP Φ Q

ˆ ( )

ˆ ( )

n

n

x

x
P

ˆ ( )

ˆ ( )

n

n
−

−

x

x
P ( )

( )

n

n

y

y
R
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Estimation
Prediction

ˆ (0)

ˆ (0)

x

x
P

ˆ ( )

ˆ ( )

n

n

x

x
P

Kalman filter (classical version)

Initialization

ˆ ( )

ˆ ( )

n

n
−

−

x

x
P

Measurements

( )

( )

n

n

y

y
R

ˆ ( 1)ˆ ( )

ˆ ˆ( ) ( 1)
t

nn

n n

−

−

−

= −

= +xx

x Φx
P ΦP Φ Q

[ ]

1

( )ˆ ˆ( ) ( )

ˆ ( ) ˆ ( )

ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

t t
nn n

n n

n n n n n n

n n n n

n n

− −

−

− −

−

 = + ⋅ − ⋅ 

 = ⋅ ⋅ ⋅ ⋅ + 
= − ⋅ ⋅

yx x

x x

x x K y G x

K P G G P G R

P I K G P
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Linear observation model and parameter estimation
1. Navigation Equations System
2. Least Squares solution (conceptual view)
3. Weighted Least Squares and Minimum Variance estimator

Example of solution computation
4. Kalman Filter (conceptual view)

Examples of static and kinematic positioning
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Some simple examples to define matrices Φ and Q

a) Static positioning:
State vector to be determined is  X = (∆xrec ,∆ yrec ,∆zrec , Dtrec) where 
coordinates (∆xrec ,∆ yrec ,∆zrec) are considered constant (because receiver is 
fixed) and clock offset DTrec is treated as white noise with zero mean and 
variance σ2

Dt . In these conditions, matrices have the form:

Being        process noise associated to clock offset (in some way, the 
uncertainty in clock value). 

ˆ ( 1)ˆ ( )

ˆ ˆ( ) ( 1) ( 1)
( 1) ( 1) ( 1)t

nn

n n n
n P n n−

−

−

= − ⋅ −

= Φ − ⋅ ⋅ − + −xx

x Φ x
P Φ Q

0

(
1

)

1

1
n

 
 
 =
 
  
 

Φ

2

0
0

( )
0

DT

n

σ

 
 
 =
 
  
 

Q

2
DTσ

-σ σ
σDt= 300Km= 1msec

-σ σ-σ σ
σDt= 300Km= 1msec
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Constant

The coordinates are always the same!

* *

Φ=1   x(n)=x(n-1)
Q=0   (no prediction error)

We can assure that, the next x(n) will be
the same as  x(n-1).

ˆ ( 1)ˆ ( )

ˆ ˆ( ) ( 1)

nn

n n

−

−

−

= ⋅ −

= ⋅ ⋅ +t
xx

Φ(n -1)
Φ(n -1) Φ (n

x
-1) Q

x
P P (n -1)

*
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*

White Noise process N(0, σ) 

From a given epoch is not possible 
to predict the following one

* *
+σ

-σ

Φ=0   x(n)=0 (zero mean)
Q=σ2 (prediction error noise)

We only can assume that, the next x(n)
can be x(n)=0  with a confidence σ.

+2σ
-2σ

-σ
+σ

ˆ ( 1)ˆ ( )

ˆ ˆ( ) ( 1)

nn

n n

−

−

−

= ⋅ −

= ⋅ ⋅ +t
xx

Φ(n -1)
Φ(n -1) Φ (n

x
-1) Q

x
P P (n -1)
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Static positioning: constant coordinates and white noise clock

S/A=on
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b) Kinematic positioning

1) In case of a fast moving vehicle, coordinates will be modeled as white 
noise with zero mean, and the same rationale applies for clock offset:

2) In case of a slow moving vehicle, coordinates may be modeled as 
random walk, process’ spectral density              , and the clock as a 
white noise:

0

(
0

)

0

0
n

 
 
 =
 
  
 

Φ

2

2

2

2

( )

dx

dy

dz

DT

n

σ
σ

σ
σ

 
 
 =  
  
 

Q

0

(
1

)

1

1
n

 
 
 =
 
  
 

Φ

2

( )

dx

dy

dz

DT

n

q t
q t

q t
σ

∆ 
 
 =
 
  


∆



∆
Q







2dq
dt
σ

=
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Random Walk process: it varies slowly

*

The uncertainty increases with time

*

2d t
dt
σ

∆

Φ=1   x(n)=x(n-1)  (the same value is assumed)
Q=(dσ2/dt)*∆t (but, with prediction error noise increasing with time)

ˆ ( 1)ˆ ( )

ˆ ˆ( ) ( 1)

nn

n n

−

−

−

= ⋅ −

= ⋅ ⋅ +t
xx

Φ(n -1)
Φ(n -1) Φ (n

x
-1) Q

x
P P (n -1)

*
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Pure Kinematic positioning: white noise coordinates and clock

S/A=on



gAGE
gA

G
E/

U
PC

 re
se

ar
ch

gr
ou

p
of

 A
st

ro
no

m
y

an
d 

G
eo

m
at

ic
s

Ba
rc

el
on

aT
EC

H
, S

pa
in

@ J. Sanz & J.M. Juan
45

Solving with the kalman filter (by hand): 
See exercise 8, Session 5.2 in [RD-2]
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( )ˆ ˆk k k k k k k

−− − − = +  
1T 1x P G R y P x

( )1
−−− − = +  k k k k k

11TP G R G P

0 0ˆ ,x P ˆ ,k kx P

1ˆ ˆk k k
−

+ = Φx x
T

1k k k k k
−
+ = Φ Φ +P P Q

,k ky R
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5. Predicted Accuracy: Dilution Of Precision (DOP)

The geometry matrix G does not depend on the measurements, then it can 
be computed even from the almanac (because accurate satellite positions 
are not needed).

In this sense the following Dilution Of Precision (DOP) parameters are 
defined:

1 1 1
0, 0, 0,

1 1 1
0, 0, 0,1

2 2 2
0, 0, 0,2

2 2
0, 0, 0,

                1

          
   

........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat
rec rec r

n

x x y y z z

Prefit
x x y y z z

Prefit

Prefit

ρ ρ ρ

ρ ρ ρ

− − −

 
− − − 

  = 
 
  

2

0, 0, 0,

0, 0, 0,

      1
   

..........

                1

rec

recsat
ec

rec

recsat n sat n sat n
rec rec rec

sat n sat n sat n
rec rec rec

x
y
z

c dt
x x y y z z

ρ ρ ρ

 
 
  ∆  

   ∆  
 ∆ 
  
  − − − 

  

G
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Predicted Accuracy: Dilution Of Precision (DOP)

The same computation can be done in (e,n,u) coordinates:

1 1 1 1 1 1

2 2 2 2 2 2

cos sin cos cos sin 1
cos sin cos cos sin 1

      
........ ..........

cos sin cos cos sin 1

rec

rec

rec

n n n n n n
rec

ePrefit el az el az el
nPrefit el az el az el
u

c dtPrefit el az el az el

    ∆− − − 
    ∆− − −   =    ∆
   
  − − −     




 
 
 



G
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1 1 1
0, 0, 0,

1 1 1
0, 0, 0,1

2 2 2
0, 0, 0,2

2 2
0, 0, 0,

                1

          
   

........

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat sat
rec rec rec

sat sat
rec rec r

n

x x y y z z

Prefit
x x y y z z

Prefit

Prefit

ρ ρ ρ

ρ ρ ρ

− − −

 
− − − 

  = 
 
  

2

0, 0, 0,

0, 0, 0,

      1
   

..........

                1

rec

recsat
ec

rec

recsat n sat n sat n
rec rec rec

sat n sat n sat n
rec rec rec

x
y
z

c dt
x x y y z z

ρ ρ ρ

 
 
  ∆  

   ∆  
 ∆ 
  
  − − − 

  

  

rec

rec

rec

rec

x
y
z

c dt

∆ 
 ∆ 
 ∆
 
 

1

2

........
n

Prefit
Prefit

Prefit

 
 
 
 
 
  

Observations
(measured-computed)

Unitary Line-Of-Sight 
vector from receiver 
to satellite

0ˆ sat
recρ

0

0

T sat n
rec

sat n
recρ

−
ρ

Geometry of rays

For all sat. 
in view

0
0 1

0

ˆ
T sat n

recT sat n
rec sat

recρ
≡
ρ

ρ
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