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Abstract The FORMOSAT-3/COSMIC satellite con-

stellation has become an important tool toward providing

global remote sensing data for sounding of the atmosphere

of the earth and the ionosphere in particular. In this study,

the electron density profiles are derived using the Abel

transform inversion. Some drawbacks of this transform in

LEO GPS sounding can be overcome by considering the

separability concept: horizontal gradients of vertical total

electron content (VTEC) information are incorporated by

the inversion method, providing more accurate electron

density determinations. The novelty presented in this paper

with respect to previous works is the use of the phase

change between the GPS transmitter and the LEO receiver

as the main observable instead of the ionospheric combi-

nation of carrier phase observables for the implementation

of separability in the inversion process. Some of the

characteristics of the method when applied to the excess

phase are discussed. The results obtained show the equiv-

alence of both approaches but the method exposed in this

work has the potentiality to be applied to the neutral

atmosphere. Recent FORMOSAT-3/COSMIC data have

been processed with both the classical Abel inversion and

the separability approach and evaluated versus colocated

ionosonde data.

Keywords GPS radio occultation � Ionosphere �
Electron density � Abel transform � Separability �
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Introduction

The Abel transform is a frequently used radio occultation

inversion technique which in the ionospheric context,

allows retrieving electron densities as a function of height

from STEC (Slant Total Electron Content) measurements

derived from carrier phase observations. The GPS radio

occultation technique is based on precise carrier dual-fre-

quency phase measurements (L-band) of a GPS receiver

onboard a Low Earth Orbit satellite (LEO) tracking a rising

or setting GPS satellite behind the limb of the earth

(Schreiner et al. 1999). When combining such measure-

ments with the information from the positions and veloci-

ties of GPS and LEO satellites, it is possible to derive the

phase path change due to the atmosphere during an

occultation event that subsequently can be converted into

bending angles. From these, we can obtain information

about the vertical refraction index by means of inversion

techniques, which can then be converted into ionospheric

vertical electron density profiles and/or neutral atmospheric

profiles. One of the basic assumptions in the classical

approach of the Abel inversion is to assume the spherical

symmetry of the electron density field in the vicinity of an

occultation. However, in practice, the footprint of an

occultation generally covers wide regions of thousands of

kilometers in length that may show significant ionospheric

variability (Hernandez-Pajares et al. 2009); therefore, this

hypothesis cannot be guaranteed. Indeed, inhomogeneous

electron density in the horizontal direction for a given

occultation is believed to be one of the main sources of

error when using the Abel inversion. In order to correct the

error due to the spherical symmetry assumption, the sep-

arability concept in Hernandez-Pajares et al. (2000) is

introduced and applied. This implies that the electron

density can be expressed by a combination of externally
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derived vertical total electron content (VTEC) data, which

assumes the horizontal dependency, and a shape function

that in turn assumes the height dependency that is common

to all the observations for a given occultation. Note that the

slab thickness remains constant near the occultation due to

the separability hypothesis instead of the density as is the

case of the spherical symmetry. This technique was suc-

cessfully applied to the linear combination of the GPS

carrier phases L1 and L2, LI = L1 - L2, which is a geo-

metric free observable that depends only on the ionospheric

delay, phase ambiguity, instrumental bias and wind-up.

The result was an improvement of about 40% in RMS

when comparing frequencies of the F2 layer peak

with ionosonde data and the classical Abel inversion

(Hernandez-Pajares et al. 2000; Garcia-Fernandez 2004).

The main advantage of the technique developed in

Hernandez-Pajares et al. (2000) is its simple computation.

Nevertheless, the potential influence of the different signal

paths between L1 and L2 was neglected. Regarding this

aspect, this paper shows that it is not a problem for

inversion at ionospheric heights. An alternative to inverting

the profile, which overcomes this disadvantage, is to use the

bending angle of the signal (a) as the main input data. The

implementation of separability when using the bending

angle is not immediate and was, actually, one of the goals

of this work. In this sense, the separability approach has

been applied to measured a1 (L1 bending angle), instead of

the LI combination as reported in previous work. Addi-

tionally, this approach could also be translated to tropo-

spheric profile retrievals. The performance of this

implementation has been studied using FORMOSAT-3/

COSMIC data. The successful deployment of the FOR-

MOSAT-3/COSMIC constellation (Lei et al. 2007), which

started in April 2006, provides sets of occultation data

distributed globally and almost uniformly, thus overcoming

two limitations of previous LEO missions: sparcity and

scarcity of occultation data. For instance, the GPS/MET

mission provided about 250 (Hajj and Romans 1998),

CHAMP and SAC-C missions provided more than 400

(Hajj et al. 2004) daily occultations while FORMOSAT-3/

COSMIC yields about 2000 (Anthes et al. 2008).

Clock calibration

For this study, the basic observable used in analyzing

occultations is the signal phase change between GPS

transmitter and LEO receiver as the signal travels through

the atmosphere. It is possible to derive the extra phase

change induced by the atmosphere and then, from it, obtain

the excess Doppler shift fd (in meters) as the departure from

the straight line propagation

fd ¼
d

dt
ðL� r~R � r~Tj jÞ ð1Þ

where r~R and r~T stand for the receiver and transmitter

positions (Hajj and Romans 1998). The Doppler shift at the

operating frequency fT (in meters) can be also expressed

using

dL

dt
¼ �fT

c
ðv~T � êT þ v~R � êRÞ

¼ �fT
c
ðvr

T cos /T þ vh
T sin /T þ vr

R cos /R � vh
R cos /RÞ

ð2Þ

where c is the speed of light, v~T and v~R are the transmitter

and receiver velocities, and êT and êR are the unit vectors

tangent to the optical ray path at the transmitter and

receiver positions. The symbols /T and /R denote the

angles between v~T and êT and v~R and êR, respectively, vr
T

and vh
T represent the radial and transversal components of

the transmitting spacecraft velocity and vr
R and vh

R are the

respective velocity values for the LEO receiver. This extra

Doppler shift is used to derive the atmospheric bending as a

function of the impact parameter i.e., the closest point to

the earth center along the optical ray path (Hajj and

Romans 1998). In order to obtain accurate radio occultation

inversions, the FORMOSAT-3/COSMIC and GPS clock

errors need to be removed from the raw observables.

Otherwise, the clock drifts can contribute significantly to

the excess Doppler. Figure 1 shows an example of a non-

calibrated excess Doppler, calculated from (1). Indeed, the

most relevant terms when modeling the carrier phase

observable L j
i between a LEO receiver (i) and the GPS

transmitter (j) for an ionospheric occultation are

L j
i ¼ r~j � r~i

�
�

�
�þ cðTi � T jÞ þ rel

j
i � Ion

j
i þ B j

i ð3Þ

where Ti, and Tj stand for the clock offsets of the LEO and

the GPS satellite from GPS time, rel
j
i is the relativistic

effect, Ion
j
i is the ionospheric delay and B j

i is the phase

ambiguity. When taking the time derivatives of this

expression, the first two terms are the most significant, i.e.

dL j
i

dt
¼

d r~j � r~
i

�
�

�
�

dt
þ c

dðTi � T jÞ
dt

ð4Þ

If the clock errors are not properly treated, the main con-

tribution could come from the last term in (4).

It follows from (4) that it is necessary to remove the

geometrical effects due to the motion of the satellites and

properly calibrate the transmitter and receiver clocks. This

is accomplished by double differencing (noted as DD) the

phase measurements from the onboard GPS receiver and a

fiducial ground receiver (Wickert et al. 2001). Applying

double differencing to any given occultation requires a

global ground network. Other authors apply space-based
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single differencing (Wickert et al. 2002) instead of double

differencing. For instance, in the case of FORMOSAT-3/

COSMIC constellation, UCAR/CDAAC currently use

single differences with solved GPS clocks from prior 30 s

that, consequently, do not require ground station data as

such (Schreiner et al. 2008).

For this study, to remove the receiver and transmitter

clock drifts, we use the fact that the Doppler shift can be

deduced to be proportional to the electron density gradient

and the inverse of the square frequency (see Appendix)

given that the GPS frequencies are considerably larger than

the plasma frequency fp = 20 MHz. Figure 2 shows the

double difference excess Doppler for L1, L2 and the iono-

spheric free combination Lc. It is readily seen that the

excess phases L1 and L2 are inversely proportional to the

frequency (the values for L2 excess Doppler have been

scaled by the factor f 2
2

�

f 2
1 ). This implies that the ray paths

of L1 and L2 signals are basically the same:

a. The bending angle or excess phase rate of both signals

are proportional to the inverse square frequency (as the

ionospheric effect in a straight line propagation).

b. The trajectory of L1 and L2 signals is different (because

of the different curvature) but this difference in

trajectories has not a relevant effect in the excess

phase rate. Notice that if the trajectories were different

enough, they should not cancel out since the rays

would be crossing through different electron densities.

In our case, since DDDLc = 0, it implies that the

trajectories, in spite of being different, they are not that

different as to have influence in the measurement of

the curvature.

Taking advantage of the proportional relationship

between the excess phases L1 and L2, the ionospheric free

combination Lc can be used to obtain an observable with no

bending (see DDDLc in Fig. 2) and, in the undifferenced

form (DLc), this particular observable would depend only

on the clock drift and d
dt r~j � r~i

�
�

�
�. Therefore, it removes the

clock drifts when subtracted from raw excess Doppler L1.

Figure 3 shows an example of the equivalence of clock

drift removal at ionospheric heights between the double

differenced excess phase of L1 and the new combination

with no bending. Note that not only the observables are

equivalent, but their noise level is compatible. The

noticeable discrepancies at bottom heights reflect the tro-

pospheric delay signature, which affects only the double

difference method at heights corresponding to troposphere

(when subtracting DLc, the tropospheric delays are also

canceled out).

Fig. 1 FORMOSAT-3/COSMIC occultation on Jan 6, 2007, PRN 17,

LEO l241, 04 h 25 min UT: raw L1 excess Doppler (without

removing clock drifts) derived from FORMOSAT-3/COSMIC

observables versus doubled differenced L1 excess Doppler (DDDL1).

The unrealistic values of the raw L1 excess Doppler, which are a result

of the clock drifts, can readily be seen. For graphical purposes, the

excess Doppler values are denoted by DL1 and DL2 for the excess

Doppler in L2, etc. Notice that our naming convention for FORMO-

SAT-3/COSMIC LEOs is that followed in the satellite orbit–clock

sp3-files provided by UCAR (http://cosmic-io.cosmic.ucar.edu/cdaac/

login/), e.g., in l2XY. The X stands for the spacecraft number ranging

from 1–6, and Y is the antenna code ranging from 0 to 3. GPS

satellites are identified by the PRN (Pseudo Random Number)
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The clock calibration method used in this work is valid

for ionospheric radio occultation processing. With this

approach, no extra GPS transmitters or LEO receivers are

needed in addition to those involved in the radio occulta-

tion event when calibrating the clocks. Consequently, more

occultations can be inverted with less data processing and

computational load. However, double differencing will be

required for tropospheric retrievals.

Separability and bending angle

As mentioned earlier, the classical Abel transform assumes

the spherical symmetry in the vicinity of an occultation

when retrieving electron density profiles. In order to reduce

the error due to this underlying assumption, Hernandez-

Pajares et al. (2000) developed the separability concept that

helps mitigating this drawback considering that the

Fig. 2 FORMOSAT-3/

COSMIC occultation on Jan 8,

2007, PRN 13, LEO l241, 04 h

32 min UT: Equivalence of

double difference L1 and L2

phase rate excess (DDDL1 and

DDDL2, respectively) for the

occultation. The L2 rates were

scaled to L1 frequency. The

double difference (between GPS

transmitter under occultation

and a standard one, and between

two COSMIC receivers) of Lc

phase rate excess (DD[DLc]) is

basically vertically distributed

Fig. 3 FORMOSAT-3/

COSMIC occultation for Jan 8,

2007, PRN 13, LEO l241, 04 h

32 min UT: Equivalence of

clock calibration strategies: The

red cross symbols, L1 excess

Doppler (represented by DL1)

without clock drifts by double

differencing (noted with DD)

using a second pair of non-

occulting LEO and GPS

satellites. The blue asterisk
symbols, L1 excess Doppler

without clock drifts by

subtracting Lc observable to

L1 (represented by (raw

DL1)-DLc)
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electron density Ne can be expressed as a function of VTEC

and the shape function F as

Neðk;u; hÞ ¼ VTECðk;uÞ � FðhÞ ð5Þ

The symbols k and u denote longitude and latitude, and

h is the height. Information for VTEC is externally

provided by either a model or real data. Therefore, the

shape function becomes the new unknown to be solved.

Notice that the hypothesis of sharing the same shape

function in the neighboring area of the occultation is less

restrictive than sharing the same electron density (as the

spherical symmetry assumption would imply). In this

paper, the VTEC information has been spatially/temporally

interpolated at each location following the procedure by

Schaer et al. (1998) using the ionospheric product provided

in IONEX (IONosphere map EXchange) format, and

computed for the International GNSS Service (IGS) at

the Technical University of Catalonia. The implementation

of (5) in the equations of the inversion problem with

bending angles as data input is not straightforward because

the relationship between refractive index and electron

density is not proportional. In the Appendix, we derive a

linear relationship that can be applied in a discretized way,

considering a concentric layered atmosphere with radius hi

and corresponding refractive indices. The final bending

angle a is obtained:

a ¼ 1

2

e2

e0mð2pf Þ2
X

VTECðki;uiÞDFðhiÞ tan /i ð6Þ

where ðki;uiÞ are the geographic coordinates at the inter-

section of the LOS (Line Of Sight) vector with the ith

layer. The radius of such a layer is derived from the impact

parameter of the corresponding observation. The thickness

of consecutive layers can range from about 0.1 to 4 km,

depending on the observation rate and satellite orbit.

Therefore, to assume that the ionospheric effect is constant

within these shell thicknesses is not critical.

One way to confirm the validity of the separability

hypothesis is to compare the shape functions corresponding

to colocated occultations. Such example is provided below.

Figure 4 shows a map of VTEC values for January 8, 2007

of the Ascension Island region. Co-located electron density

profiles from FORMOSAT-3/COSMIC occultations are

also marked (12 h UT, 13 h LT approximately).

The corresponding electron density profiles to these

occultations are shown in Fig. 5. These profiles have been

derived using separability. Note that such density profiles

follow the VTEC behavior, i.e., higher VTEC values lead

to higher electron densities. Discrepancies among the

profile shapes are significant.

Nevertheless, in Fig. 6, when considering the shape

functions corresponding to these profiles, the shapes

become closer in value.

This fact can be interpreted as the horizontal variations

of the shape functions are lower than the horizontal vari-

ations of the electron densities, confirming the suitability of

the separability hypothesis. Actually, as it can be seen later,

separability significantly helps mitigate the error in the

frequency peak estimation but not the error in height.

Scenario

The period for analysis of FORMOSAT-3/COSMIC obser-

vations is January 6–15, 2007, during which the solar cycle

level was at a minimum. The Kp index, which indicates

global geomagnetic activities, was low for the chosen data

period (Kp less than 3, which means low geomagnetic

activity). In order to validate the retrieved electron density

profiles, a comparison with ionosonde measurements has

been performed for critical frequencies and heights of the F2

layer, f0F2 and hmF2, and for critical frequencies of the E

layer, f0E. The reference data were downloaded from the

Space Physics Interactive Data Resource (SPIDR) website

(http://spidr2.ngdc.noaa.gov/spidr/). In order to filter and

rule out doubtful comparisons, the slab thickness parameter

s has been considered. It is calculated for each vertical

electron density profile as a ratio of the VTEC and the

electron density at the F2 layer peak (NmF2),

s ¼ VTEC

NmF2
ð7Þ

and it can be considered a measurement of the inverse of

the shape of the electron density profiles at the F2 layer

Fig. 4 VTEC values and colocated vertical electron density profiles

for the Ascension Island region. The green star is located at

Ascension Island referring to observation epoch 12 h UT (approx.

13 h LT) for January 8, 2007. The color code for the occultations

(colored circles) follows the same pattern used in Figs. 5 and 6. The

geomagnetic equator is depicted by the green line
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peak when solved from radio occultation data using sepa-

rability. To take an electron density profile as valid, the

corresponding slab thickness value is calculated and a

threshold for slab thickness is applied. After studying the

dependency of the slab thickness as function of the local

time for the analyzed period, values below 175 km and

above 800 km are discarded. In this sense, the consistency

between ionosonde values of f0F2 and computed VTEC has

been checked. Once filtered by slab thickness, accepted

occultations and ionosonde data have been compared with

ionosonde measurements, colocated in time and space for

comparisons: in time, one hour centered at the epoch that

the occultation took place and, in space, a maximum

colocation distance of 2000 km has been considered. Since

the subpoints of an ionospheric occultation are scattered

over large distances (for a LEO satellite of height

h = 800 km the maximum length of the occultation region

is about 3000 km), the colocation is considered at the ray

Fig. 5 Colocated vertical

profiles of electron density

derived from FORMOSAT-3/

COSMIC observables over

Ascension Island on January 8,

2007. For each occultation, the

figure caption indicates the LEO

and GPS satellites involved and

the occurrence time.

Separability has been used to

derive these profiles and those

of Fig. 6

Fig. 6 Shape functions

corresponding to colocated

vertical profiles of electron

density derived from

FORMOSAT-3/COSMIC

observables over Ascension

Island shown in Fig. 5
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tangent point with maximum electron density, i.e., maxi-

mum frequency f0F2.

Results

A comparison between retrieved parameters from radio

occultations and ionosonde measurements is presented.

First, we discuss the use of calibrated and non-calibrated

data for occultations in the Ascension Island region. Then

the global results are shown for frequency and height

estimations.

Frequency comparisons: F2 layer

Manually calibrated data from Ascension Island ionosonde

(code name AS00Q) made possible an intercomparison of

radio occultations f0F2 derived frequencies from calibrated

and non-calibrated data. This allows validating the expec-

ted error of ionosonde data. That is to say, a quantification

of the difference in data sources has been possible. Note

that all the intercomparisons that are presented later for the

parameters derived from radio occultations density profiles

were carried out with ionosonde data from the SPIDR

website that are, in principle, non-calibrated data.

In Fig. 7 the difference of F2 layer critical frequency

values between calibrated and non-calibrated ionosonde

data is shown as a function of the local time for the ana-

lyzed period.

It can be observed that the best agreement is during the

daytime (\10%), while the major discrepancies are found

during dusk, dawn and night in agreement with ionosonde

worst expected performances.

Figure 8 summarizes the comparison of the perfor-

mance between the spherical symmetry approach of the

classical Abel inversion and the separability approach for

non-calibrated ionosonde data (considered as reference

truth). The results show that the global performance of the

separability approach proof to be 45% better on average

for f0F2 than is the classical Abel transform. Therefore,

the introduction of VTEC information when retrieving

profiles improves the estimation compared to what is

obtained, assuming spherical symmetry. These conclu-

sions are comparable and compatible with previous results

(Hernandez-Pajares et al. 2000; Garcia-Fernandez 2004),

where the ionospheric combination LI was used. There-

fore, the equivalence of using LI or bending angle as

main input data for ionospheric inversions is confirmed

over these datasets.

Frequency comparisons: E layer

Regarding the estimation of the E layer critical frequency

f0E, the comparison of the classical Abel inversion and

the separability implementation has been studied. The E

layer is the ionospheric region, between about 90 km and

150 km that influences long-distance communications by

strongly reflecting radio waves in the range of 1–3 MHz.

It partially absorbs frequencies above 10 MHz. Davies

(1990) notes that the E layer appears at sunrise and

essentially disappears at sunset because the primary

source of ionization is no longer present. For this reason,

Fig. 7 Differences of f0F2

values in percent versus local

time as computed from

calibrated and non-calibrated

ionosonde data for the period

Jan 6–15, 2007
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the efforts to detect this layer have been restricted to local

times spanning 7–17 h, searching electron density profiles

for occultations with a peak in the height range 90–

150 km. Degradation with respect to the f0F2 results is

expected due to the recursive nature of the inversion

method: the errors are accumulated downward. Hence, the

lower, the layer the larger the error in the estimated

characteristic parameters. Tables 1 and 2 provide global

RMS values for the period analyzed for colocation dis-

tances up to 2000 km. The number of comparisons is

provided. The average improvement for low latitudes is

32% whereas the average improvement for mid and high

latitudes is around 21%.

Height comparisons

Empirical equations can be applied to some measured

ionospheric characteristics in order to derive hmF2 values

or use hmF2 from the true-height analysis of ionosonde

measurements. For instance, the Shimazaki’s relation

(Shimazaki 1955) is an empirical formula relating hmF2

inversely to M(3000)F2. The latter represents the ratio of

the maximum usable frequency at a distance of 3000 km to

the F2 layer critical frequency. The relation is

hmF2Shimazaki ¼
1490

Mð3000ÞF2
� 176 ð8Þ

This formula overestimates heights during daytime

under the presence of underlying ionization since that

reduces the M(3000)F2 factor (Shimazaki 1955). Later

research, such as Badley and Dudeney (1973) and Dudeney

(1983), proposed corrections to (8) by including a

dependency on the ratio f0F2/f0E. A very realistic

estimation for hmF2 is given by the following expression

(Dudeney 1983):

hmF2Dudeney ¼
1490 � F

Mð3000ÞF2� DM
� 176 ð9Þ

F ¼ Mð3000ÞF2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:0196 �Mð3000ÞF22 þ 1

1:2967 �Mð3000ÞF22 � 1

s

ð10Þ

DM ¼ 0:253
f0F2
f0E � 1:215

� 0:012 ð11Þ

where f0F2 and f0E are expressed in MHz. According to

these relationships, M(3000)F2 and the ratio f0F2/f0E are

the driver parameters of Dudeneys’s hmF2 approximation.

For this study, such parameters have been also extracted

Fig. 8 Relative RMS differences for the F2 critical layer frequency

comparisons with ionosonde colocation distances up to 2000 km and

1 h time span in local time for the period Jan 6–15, 2007. Black and

blue refer to spherical symmetry and separability, respectively. The

numbers of intercomparisons are indicated

Table 1 Low latitude comparison of RMS of f0E errors for classical

Abel (SPH) and separability (SEP) with respect to ionosonde direct

measurements for the data period during daytime

Day of year Nr. comp. RMSSPH [%] RMSSEP [%]

006 86 1.51 [47.8] 0.77 [24.2]

007 72 1.85 [51.6] 0.91 [25.4]

008 101 1.59 [45.9] 1.13 [32.7]

009 49 1.53 [43.9] 0.88 [25.2]

010 97 1.63 [49.6] 1.19 [36.2]

011 56 1.32 [40.2] 1.26 [38.2]

012 108 1.75 [52.6] 0.92 [27.8]

013 178 1.50 [44.4] 1.25 [37.0]

014 196 1.59 [47.1] 1.15 [34.2]

015 69 1.18 [35.9] 0.62 [19.0]

The error is the absolute RMS expressed in MHz, and the percentage

relative RMS difference is provided in brackets. The number of

intercomparisons is also included

Table 2 Mid and high latitude comparison of RMS of foE errors for

classical Abel (SPH) and separability (SEP) with respect to ionosonde

direct measurements for the data period during daytime

Day of year Nr. comp. RMSSPH [%] RMSSEP [%]

006 441 0.84 [32.5] 0.99 [38.0]

007 599 1.55 [57.3] 1.36 [50.2]

008 322 1.34 [49.6] 0.88 [32.7]

009 525 1.33 [46.1] 0.93 [32.2]

010 411 1.26 [44.7] 1.15 [40.8]

011 581 1.22 [45.5] 1.03 [38.3]

012 637 1.32 [49.0] 1.03 [38.3]

013 846 1.29 [46.8] 0.96 [34.8]

014 1268 1.24 [47.0] 0.82 [31.2]

015 681 1.21 [46.4] 0.97 [37.4]

The error is the absolute RMS expressed in MHz, and the percentage

relative RMS difference is provided in brackets. The number of

intercomparisons is also included
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from the SPIDR website. It should be pointed out that the E

layer is mainly a day-time ionospheric layer, basically due

to the ionization of the atmosphere caused by solar EUV

emission. For this reason, some authors restrict the use of

expression in (9) to guarantee reliable results for hmF2. In

this work, the two restrictions imposed in Rishbeth et al.

(2000) have been adopted:

• Mð3000ÞF2 [ 2:5

• f0F2
f0E [ 1:7

These restrictions limit the number of input ionosonde

data for which the M(3000)F2 values have acceptable

quality (values are especially bad during night time).

Because of these restrictions, the intercomparisons are only

provided for daytime. Tables 3 and 4 summarize the results

for the height comparisons of the f0F2 peak for ionosonde

data. These results are in agreement with the generally

accepted error of the Dudeney formula when applied to

ionosonde data (discrepancies of the hmF2 estimation

below 30 km (Zhang et al. 1999)).

The discrepancies in the hmF2 determination when

using the classical Abel approach are not significant with

respect to separability.

Conclusions

The FORMOSAT-3/COSMIC constellation has provided

valuable data sets to explore the feasibility of a new

implementation of the separability approach to the clas-

sical Abel transform inversion when retrieving electron

density profiles from radio occultations. This implemen-

tation has been carried out using bending angles as main

input data, completing previous works where separability

was implemented for the ionospheric combination LI in

a very straightforward way that is not possible when

using bending angles. In order to apply separability to

the bending angle, a set of approximations has been done

allowing the bending angle to be expressed in terms of

changes of refractive index making this method suitable

to be extended to tropospheric occultations. In order to

mitigate clock drifts, the equivalence of using the excess

phase of the ionospheric free combination Lc as to

double differencing has been shown for ionospheric

heights. In this way, indirectly, it has been confirmed

that the ray path difference between L1 and L2 is not

significant, validating the method with LI used in pre-

vious research. Regarding height comparisons, the results

for hmF2 confirm expected results in previous research

that are compatible with the reference error. The global

performance confirms the improvement of the separa-

bility implementation in Abel inversion (45%) by using

the bending angle. The equivalence of the results

obtained with bending angle and LI implementing sep-

arability have been shown in terms of f0F2 and f0E

frequencies and hmF2 heights. This implementation

opens the possibility for its extension to neutral atmo-

spheric profiling.
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Table 3 Low latitude comparison of F2 layer critical peak height as

derived from FORMOSAT-3/COSMIC radio occultations and

Dudeney formula for the data period during daytime

Day of year Nr. comp. Bias [km] r [km]

006 240 -05.85 20.0

007 214 06.31 12.9

008 245 -18.10 19.5

009 162 14.80 17.4

010 157 18.75 16.1

011 80 25.11 18.4

012 129 12.45 20.5

013 202 -10.98 26.1

014 247 -10.69 17.4

015 114 -07.04 21.0

The results show bias and standard deviation r for the separability

approach versus ionosonde data

Table 4 Mid and high latitude comparison of F2 layer critical peak

height derived from FORMOSAT-3/COSMIC radio occultations and

Dudeney formula for the data period during day time

Day of year Nr. comp. Bias [km] r [km]

006 0866 12.13 29.6

007 0680 06.00 25.2

008 0677 10.37 23.4

009 1001 22.72 20.2

010 1053 14.29 26.0

011 1134 06.51 25.5

012 0996 01.70 26.5

013 1709 06.56 33.8

014 1862 05.95 22.2

015 1114 04.57 27.1

The results show bias and standard deviation r for the separability

approach versus ionosonde data
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Appendix

In order to implement separability to bending angles, it would

be required to have a proportional relationship between

bending angles and electron densities that would allow, for

two consecutive concentric spherical layers, to write the

increment of bending angles as the corresponding increment

of electron densities within the two layers. Unfortunately, this

is not the case and some approximations are needed to derive

such proportionality. Details are given later.

We start from the definition of the ionosphere’s refrac-

tive index n derived by Appleton and Hartree, and accept

that it can be approximated by first-order form with an

accuracy better than 0.1% (Davies 1990),

n2 ¼ 1�
f 2
p

f 2
ð12Þ

where f is the system operating frequency and fp, the

plasma frequency that is defined by

fp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ne � e2

e0mð2pÞ2

s

ð13Þ

where e stands for the electron charge, e0 the permittivity

of free space and, m the rest mass of an electron. Hence, the

expression in (12) now becomes

n2 ¼ 1� Ne � e2

e0mð2pf Þ2
ð14Þ

Differentiating the latter equation gives

2ndn ¼ � e2

e0mð2pf Þ2
dNe ð15Þ

dn

n
¼ �1

2

e2

e0mð2pÞ2ðf 2 � f 2
p Þ

dNe ð16Þ

Considering the nominal value of GPS frequency L1

ðf1 ¼ 1575:42 MHzÞ and the plasma frequency

ðfp ¼ 20 MHzÞ, the denominator in (16) can be

approximated by

f 2 � f 2
p � f 2 ð17Þ

Substituting (17) into (16) leads to

dn

n
� �1

2

e2

e0mð2pÞ2f 2
dNe ð18Þ

The latter equation provides the key to separability

implementation when using the L1 bending angle a1 as

input data for the inversion since it will give the

proportionality relationship between bending angle and

electron density.

Using Bouguer’s formula, which is equivalent to

Snell’s law in a spherically symmetric medium, we can

establish the relationship of bending angle a and the

refractive index n

nr sin h ¼ a ð19Þ

The symbol r stands for the geocentric distance, h the

zenith angle of the LOS vector and a the impact parameter.

Considering a layered ionosphere, the change between

different layers is obtained by differentiating (19)

Dnr sin hþ nDr sin hþ nr cos hDh ¼ 0 ð20Þ

Rearranging the terms in previous equation gives

Dh ¼ �Dn

n
tan h� Dr

r
tan h ð21Þ

The first term in (21) takes into account the change in

the ray path due to the changes in the refractive index

while the second depends on the geometric variations.

Actually, the first term provides the definition of the

bending angle change in terms of n,

Da ¼ �Dn

n
tan h ð22Þ

Recalling the expression in (18), it can be derived that

the increment of bending angle between consecutive layers

with different refractive index is

Da ¼ �Dn

n
tan h ¼ 1

2

e2

e0mð2pf Þ2
DNe tan h ð23Þ

Therefore, the total bending angle for one ray path

would be obtained by adding all bending angle

contributions

a ¼
X

Dai ¼
1

2

e2

e0mð2pf Þ2
X

DNei tan /i ð24Þ
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